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Preparing arbitrary logical states is a central primitive for universal fault-tolerant quantum com-
putation and the cost of encoded-state preparation contributes directly to the overall resource over-
head. This makes the synthesis of efficient general-state encoding circuits an important problem,
particularly with respect to two-qubit gate count and circuit depth. Yet the synthesis of such en-
coders has been studied less extensively than general Clifford circuit synthesis or the preparation
of specific logical Pauli-eigenstates. In this work, we develop methods for synthesizing efficient
encoders for arbitrary stabilizer codes. We formulate encoder synthesis as a search over stabi-
lizer tableaus and introduce greedy and rollout-based algorithms that exploit the freedom among
stabilizer-equivalent realizations of the same encoding isometry. For code families with a modular
structure, such as generalized concatenated and holographic codes, we show how large encoders can
be assembled from optimized local constituent encoders, and we use SMT-based exact synthesis to
obtain optimal local circuits for small instances. We further evaluate the proposed methods on a
broad set of stabilizer codes, including holographic and quantum low-density parity-check (qLDPC)
codes, and compare them against recent encoder-synthesis methods and existing constructions from
the literature, obtaining improvements of up to 43% in two-qubit gate count and up to 70% in
depth. Our results support the optimization of encoded-state preparation in several fault-tolerant
quantum-computing schemes, and all methods are openly available as part of the Munich Quantum

Toolkit [1].

I. INTRODUCTION

Due to the inherent noise present in any quantum sys-
tem, utility-scale quantum computing (QC) is widely be-
lieved to require quantum error correction to actively
correct errors occurring during a computation. The con-
cept of quantum error correction (QEC) codes, which en-
code logical qubits redundantly into entangled quantum
states, has developed into a critical research field towards
the realization of practically useful quantum comput-
ers [2-7]. A fundamental step in any fault-tolerant (FT)
architecture is the preparation of encoded states, neces-
sitating the synthesis of circuits that map input states
into the logical code space.

Such circuits are of particular importance in resource-
intensive workflows such as magic state distillation,
which repeatedly consume encoded resource states [8]. In
some constructions, decoding (or unencoding) circuits—
the adjoints of the corresponding encoders—also appear
explicitly as part of the protocol [9, 10]. Encoding cir-
cuits are also relevant for logical magic state prepara-
tion and cultivation protocols, wherein encoded magic
states are prepared and then verified by measuring logi-
cal operators and stabilizers with postselection. In such
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settings, the structure of the preparation and measure-
ment circuits directly affects both the resource cost and
the success characteristics of the protocol [11-13]. Fi-
nally, optimized encoders are also attractive in modular
or distributed architectures, where the physical qubits of
a logical block may be spread across multiple modules
and nonlocal operations are constrained by inter-module
communication and entanglement generation [14, 15].

These applications show that encoded-state prepara-
tion can contribute directly to the overall resource over-
head of FT quantum computation. Optimizing encoding
circuits with low two-qubit gate count and low depth is
therefore an important problem despite the fact that such
encoding circuits cannot, in general, be fault-tolerant for
arbitrary input states, since errors on the input qubits
are directly mapped to logical errors in the code space.

Encoding circuits for stabilizer codes can be imple-
mented using only gates from the Clifford gate set. The
synthesis and optimization of Clifford and CNOT cir-
cuits have been extensively studied. Existing approaches
range from normal-form constructions [16—18] to heuris-
tic and optimal synthesis methods [19-23], but they are
primarily designed for unitary Clifford operators. Encod-
ing circuits, by contrast, realize isometries rather than
full unitaries. A generic approach is therefore to extend
the target isometry to a unitary and then apply a unitary-
synthesis method. Crucially, this perspective misses a
key feature of the encoding problem; namely, that an en-
coder is not specified uniquely as a full unitary, since only
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its action on the logical subspace matters. As a result,
generic unitary methods fail to exploit the resulting op-
timization freedom and can produce unnecessarily large
circuits.

In this work, we develop methods for synthesizing and
optimizing encoding circuits for two complementary set-
tings. For arbitrary stabilizer codes, we formulate en-
coder synthesis as a search over stabilizer tableaus and
develop greedy and rollout-based methods that optimize
two-qubit gate count and circuit depth. For code fami-
lies whose encoders admit a modular decomposition, in-
cluding generalized concatenated [24-26] and holographic
codes [27-33], we reduce the problem to the optimization
of local constituent encoders and use SMT-based exact
synthesis to solve these local instances optimally. Across
a broad benchmark set, these methods yield competitive
and often improved circuits compared to recent encoder-
synthesis methods and existing constructions from the
literature, with improvements of up to 43% in two-qubit
gate count and up to 70% in depth.

The main contributions of this work are as follows:

e We develop a greedy synthesis method for arbitrary
stabilizer encoders that exploits the degrees of free-
dom of the stabilizer group to reduce two-qubit gate
count and circuit depth.

e We propose a rollout-based extension that further
improves synthesis quality by evaluating candidate
gate applications through greedy completion of the
remaining synthesis task.

e We show how modular structure in generalized con-
catenated and holographic code constructions can
be exploited to synthesize large encoding circuits
from optimized local constituent encoders, and we
develop SMT-based exact-synthesis techniques for
the resulting small local instances.

e We evaluate the proposed methods on a range
of stabilizer codes and benchmark them against
recent encoder-synthesis methods, including Rus-
tiq [34], obtaining competitive and often improved
circuits. For example, our methods yield a 49-
CNOT general-state encoder for the [23, 1, 7] Golay
code, an 82-gate depth-13 encoder for the [30, 6, 5]
symplectic double code [35], and a logical |0)®"
preparation circuit for the [144, 12, 12] bivariate bi-
cycle (BB) code [36] requiring 330 CNOT gates at
a depth of 17.

All developed methods are available as part of the Mu-
nich Quantum Toolkit [1].

The remainder of this work is structured as follows.
Section II reviews stabilizer tableaus, defines the en-
coding circuit synthesis problem, and summarizes the
relevant literature on Clifford circuit synthesis. Sec-
tion IIT presents the state-space search formulation and
the rollout-based synthesis method for arbitrary stabi-
lizer and CSS codes. Section IV shows how encoding

circuits for generalized concatenated codes can be opti-
mized via their local constituent encoders and introduces
an optimal SMT-based synthesis method for the result-
ing local instances. Section V presents encoding circuits
obtained using the proposed methods, and Section VI
concludes this work.

II. BACKGROUND

To keep this work as self-contained as possible, we pro-
vide the necessary background on stabilizer tableaus and
Clifford encoding isometries in the following.

A. Symplectic Representations of Stabilizer Codes

Given a (multi-qubit) Pauli operator P on n qubits, we
denote the symplectic representation of P as P € F3". To
keep the notation lightweight, we use the same symbols
for Pauli operators (or sets of Pauli operators) and for
their symplectic representations whenever the intended
meaning is clear from context. Similarly, the symplectic
representation of a sequence of n-qubit Pauli operators

O ="Pq,..., Py is defined as
P
@ _ c anXQn .
Pm

We refer to such a symplectic representation as the
stabilizer tableau of O. Tt is useful to think of a stabilizer
tableau T' in block matrix representation

T=(Tx Tz) , (1)

where T'x is the submatrix denoting the X-parts of the
Pauli operators in O and Tz denotes the Z-parts of the
Pauli operators in O. We denote the i-th column of Tx
(Tz) as Tx[i] (Tzli]).

Example I1.1. Consider the stabilizer generators of the
two-qubit Bell state S = {X X, ZZ}. The tableau repre-
sentation of S is then

1100
0011/
with T'x = ((1) (1)) and Tz = (? (1)> .

Stabilizer codes can be represented using stabi-
lizer tableaus. Let C be an [n,k,d] stabilizer
code with stabilizer group S§ with independent sta-
bilizer generators {si,...,Sn—k}. The logical X
operators X = {Xy,..., X} and logical Z operators
Z={2,..., 2} are chosen such that X; anticommutes
with Z; and A; commutes with Z; if ¢ # j, i.e., &}, Z;



denote the logical operators of the i-th logical qubit. The
symplectic representation of the code is then given by

X
@: 2 c Fén-‘rk)XQn .
S
Example 11.2. The five-qubit code
is defined by the stabilizer generators
{XZZXIIXZZX XIXZZ ZX1XZ}. A choice

of logical basis is X = ZZZZ7Z, Z = XXXXX. The
symplectic representation of this code is then

0000011111
1111100000
1001001100
0100100110
1010000011
0101010001

B. Clifford Encoding Isometries

An encoding isometry from k qubits to n qubits is an
operator £ € €2"*2" such that £T€ = Iyx. An encoder
£ is a Clifford isometry if it maps Pauli operators to
Pauli operators under conjugation, and Clifford isome-
tries can be interpreted as defining an [n, k] stabilizer
code. The logicals of the respective code are obtained
from propagating Pauli X and Z through the isometry,
ie, X; = EX;EN and Z; = £Z,ET. The stabilizers of the
code are then all Pauli operators S such that S€ = &, or
equivalently, £TSE = L.

An encoding circuit, then, is a concrete quantum cir-
cuit implementing a specific encoding isometry. Due to
reversibility, such a quantum circuit must act on n input
qubits to produce n output qubits. In addition to the
k input qubits encoded by the isometry, (n — k) extra
ancillary qubits initialized in a fixed state are therefore
needed. Without loss of generality, we will assume that
the ancillary qubits are initialized in the state |O>®(n7k).
The action of the encoding circuit U on any k-qubit state
and the ancillary system is then the same as the encoding
isometry, i.e., for any [¢) € 72

e =U (jv) @10)*" ).

The stabilizers of the code defined by the encoding
isometry can be obtained from the encoding circuit by us-
ing Pauli propagation rules to commute the single-qubit
Z-stabilizers of the qubits initialized in |0). Specifically,
the i-th stabilizer generator S; is given as U Z;;UT. Con-
sequently, given an encoding circuit U, the symplectic

representation of the corresponding code C can be ob-
tained by propagating Pauli operators:

{UX,UT i€ [k]}
c=| {UzU|ielk)}
(UZiU |i € [n— K]}

Concretely, this means that, on the k input qubits that
are not initialized to |0), the encoding circuit propagates
both a single X and a single Z to the corresponding log-
ical X and logical Z at the same time. As an exam-
ple, one may consider a magic state py = |H) (H| =
(I + (X + Z)/\/2)/2, for which the coherent superposi-
tion of X and Z should be maintained by the encoding
circuit.

C. The Encoding Circuit Synthesis Problem

Implementing an encoding circuit requires synthesizing
it from a set of basis gates. For Clifford circuits, a typi-
cal choice is {S, H,CX}, as those gates are sufficient to
implement any Clifford unitary. Applying a Clifford gate
to a Clifford circuit has the effect of performing some
column operations on the symplectic representation of
the circuit as dictated by how Pauli operators propagate
through the gate: For instance, applying an S gate on
qubit i to a stabilizer tableau T' = (T'xTy) is realized via
the column operation

Tz[i] = Tzli] + Tx[i] ,

where addition is performed over IFo, i.e., addition
modulo 2.

Two-qubit gates act on the columns of multiple qubits
simultaneously. Applying a CX with control qubit ¢ and
target qubit j to T corresponds to the following column
operations

Tx[j] = Tx[i] + Tx [j] Tz[i] = Tzlil + Tz[j] -

The n-qubit identity Clifford operator has the 2n-
dimensional identity matrix I, as its symplectic repre-
sentation. Synthesizing a general Clifford circuit U from
a set of basis Clifford gates I', then boils down to finding
a sequence of gates ¢g1,...,¢gm € I' such that

gm"'QIU:IZn

or, equivalently,

The synthesis problem is similar for encoding circuits.
The difference is that the given Pauli operators do not
need to propagate precisely to the given set of logicals



FIG. 1: A ZX diagram representation of the [4,2,2]
code’s encoding isometry.

and stabilizers. Instead, the set of propagated logicals
and stabilizers of the encoding circuit only needs to be
equivalent to the given operators up to multiplication
by some stabilizer operator of the encoder. Synthesizing
a given encoding isometry £ encoding k qubits into n
qubits from a set of basis Clifford gates I', then requires
finding a sequence of gates g1,...,¢gm € I' such that

G €= A

where A is a (k 4+ n) x 2n matrix that can be trans-
formed into the form

via row additions of the lower (n— k) rows representing
the stabilizer generators. The matrix in Eq.(2) repre-
sents the identity isometry which encodes k qubits into n
qubits by simply padding the k input qubits with (n— k)
qubits in the |0) state.

Note that Pauli operators usually also carry a sign [37].
Ignoring the sign of the Pauli operators in the stabi-
lizer tableau in synthesis might result in circuits that
implement the target encoding isometry up to correction
of signs. Since these signs can always be corrected via
single-qubit Pauli operators, we ignore them for the syn-
thesis.

D. Encoding Isometries as ZX-diagrams

Another way of representing encoding isometries is
through ZX-diagrams, a diagrammatic language for lin-
ear maps of qubits [38]. ZX-diagrams are composed of
two types of nodes, the so-called Z- and X-spiders:

m}{ o= [0) (O] et [)E (1

: ®n ®m i ®n @m
m: cno =TT e )T (]

These building blocks are sufficient to represent any
quantum linear map. In particular, any encoding isome-
try can be represented as a ZX-diagram.

Unlike the stabilizer tableau, a diagrammatic repre-
sentation of an encoder can provide insight into the en-
tanglement structure of the code [18]. For example, the
ZX-diagram representation of the encoding isometry for
the [4,2,2] is given in Figure 1. For details on the nota-
tion and terminology required for understanding the ZX
diagrams in this work, please consult Appendix A.

7ZX-diagrams and the ZX-calculus have enjoyed in-
creased attention over the recent years as tools in quan-
tum circuit optimization [39-41] and as a language for
quantum error correction and fault-tolerant quantum
computing [42-45]. While stabilizer tableaus are con-
venient for synthesis based on matrix elimination, the
insights into the structure of a code are useful for scaling
encoding circuit synthesis for structured codes, as we will
see in Section IV.

E. Related Work

The literature on Clifford circuit synthesis is exten-
sive, but most of it focuses on wunitary Clifford oper-
ators rather than encoding isometries. Early work es-
tablished asymptotically efficient normal-form construc-
tions for Clifford circuits. In particular, Ref. [37]
gives a normal-form construction for arbitrary Clif-
ford unitaries with O(n?/logn) gates, matching the
asymptotic complexity known for CNOT circuits [23].
Beyond gate count, depth bounds are also known:
Ref. [46] shows that any Clifford circuit can be imple-
mented with depth O(n/logn) without ancillae and with

2

depth O(max{log n }) using m ancillary

qubits.

In practice, we are interested in not only obtaining
asymptotically optimal circuits, but circuits that are
optimal in the absolute sense. More recently, exact
and heuristic methods have been developed for optimiz-
ing Clifford unitaries with respect to gate count and
depth [19-21]. These works provide important back-
ground on Clifford synthesis, but they do not directly ad-
dress the additional freedom present in encoding-circuit
synthesis.

A related but narrower line of work considers special
cases of encoder synthesis. State-preparation circuits,
corresponding to the preparation of particular logical ba-
sis states, have been optimized using automated heuris-
tic methods [47] and reinforcement learning [48]. These
approaches target an important subclass of the problem,
but do not address the synthesis of general-state encoders
for arbitrary stabilizer codes.

Closer to our setting are methods that explicitly syn-
thesize encoding isometries. Reference [16] shows that
encoding circuits can be obtained by a tableau-based
elimination procedure closely analogous to Gaussian
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FIG. 2: Encoding circuit synthesis as state space search. Every state corresponds to an intermediate circuit and
a stabilizer tableau, and states are connected via gate applications. Goal states represent valid implementations of
the target encoding isometry. A heuristic score h is used to estimate the cost of synthesizing the remaining circuit
for a given node. The orange path is obtained by greedily choosing the gate that minimizes h. The purple path is
obtained by performing this greedy synthesis from the second-best node on the second level. The rollout approach
fully expands the greedy path of both states and picks the best one. This results in the rollout search picking the
purple path as the resulting circuit requires fewer CNOTs even though locally, the heuristic score estimates that the
orange path results in a circuit requiring fewer gates.

elimination. The result is a simple constructive syn- optimized methods for encoding isometries, or focuses
thesis method but because columns are eliminated one on special cases such as state preparation. In contrast,
at a time, the resulting circuits can incur substantial  our work develops search-based methods for synthesizing
gate-count and depth overhead. Reference [18] studies and optimizing general-state encoding circuits, explicitly
normal forms and ZX-diagram representations for en- exploits the freedom among stabilizer-equivalent realiza-
coding isometries, giving a graphical perspective on en- tions, and complements this with a modular synthesis
coder synthesis. A particularly relevant recent approach framework for structured code families.

is the graph-state-based synthesis method of Ref. [34],

which extracts an underlying graph-state structure from

the stabilizer description and synthesizes the encoder by III. HEURISTIC ENCODING CIRCUIT
transforming this graph state. This technique provides a SYNTHESIS

dedicated optimization framework for encoding circuits
and serves as an important point of comparison for our

methods. Even for relatively small system sizes (n < 10), synthe-

sizing the gate- or depth-optimal general state encoder

Related structured constructions also appear in work becomes intractable. Since we want to construct en-
on holographic codes. In particular, graph states and coders for larger system sizes while keeping the number
ZX-diagram representations have been used to derive en- of required two-qubit gate operations and circuit depth
coding isometries for holographic-code families [43, 49]. low, we now describe a heuristic approach for synthesiz-
In these approaches, a graph state representing a logical ing encoding circuits. Our method constructs the circuit
basis state is combined with the bulk logical qubits, and sequentially while maintaining a stabilizer tableau rep-
the remaining auxiliary qubits are measured to obtain resenting the transformation implemented so far. The

an encoding map for arbitrary inputs. These works high- novelty of our synthesis approach is that we explicitly
light the usefulness of graphical structure for deriving exploit the degrees of freedom afforded by stabilizer row
encoders, but do not study the optimization of general- operations to construct Clifford isometries.

state encoding circuits via local resynthesis of constituent

The heuristic synthesis process can be viewed as a
search over stabilizer tableaus (see Figure 2). At every
Overall, existing work either studies general Clifford step of the algorithm, a Clifford gate is applied, trans-
unitary synthesis, gives constructive but not strongly forming the current tableau into a new one. The goal of

encoders.



the search is therefore to apply a sequence of gates that
transforms the tableau of the target encoding isometry
into the terminal tableau defined in Eq. (2).

A. Encoding Circuits using Symplectic
Transvections

The search described above utilizes a set of Clifford
operations that transform one tableau into another. Fol-
lowing previous work on Clifford circuit synthesis, we
consider two-qubit symplectic transvections [50]. A two-
qubit transvection acting on qubits ¢ and j is a Clifford
operator of the form

exp (T(I - Pin)> :

where P;, P; € {X,Y, Z}.

Since there are three non-identity Pauli operators on
each qubit, there are nine distinct two-qubit transvec-
tions for every ordered pair of qubits. Consequently, for
an n-qubit stabilizer tableau, there are 9n(n — 1) possi-
ble transitions at each step of the search. To determine
whether a given transvection represents a promising step
toward a goal state, the search requires a measure of
progress, or heuristic score.

A useful heuristic for guiding the search was introduced
by Webster et al. [19]. Their method evaluates the struc-
tural properties of a stabilizer tableau to estimate how
close it is to the terminal tableau. Concretely, the heuris-
tic assigns to each tableau T a score h(T') that measures
the number of remaining two-qubit interactions required
to reach the terminal tableau.

For a tableau T', consider the 2 x 2 submatrices

T.. T
F; = i i(j+n) > , 3
’ (T<i+n>j T(i+n)(j+n) )

which capture the interaction between qubits ¢ and j in
the symplectic representation. Using these blocks, define
the indicator matrices

1, if I‘k(FU) = 1,
0, otherwise,

Ry (T)ij = { (4)
1, if I‘k(F”) = 2,
0, otherwise.

Ry(T)i5 = { (5)

Webster et al. show that if R; is all zero and Ry is a
permutation matrix for a given ¢ and j, then the remain-
ing stabilizer tableau is equivalent to the identity up to
single-qubit Cliffords and qubit permutations. This ob-
servation leads to a heuristic score that estimates how far
a given stabilizer tableau is from the identity. We define

v(T) = colSums(Ry(T) + 2Ry (T)),  (6)
hgreedy (T) = sorted (v(T),v(T")). (7)

Algorithm 1: Complete stabilizer tableau

Input: Independent stabilizer generators

{s1,...,8n—k} and their symplectic rows
{51,...,8n_x} CTF3".
Output: Destabilizer operators {ds,...,dn—r}.

1D+ 0

2 fori=(n—k) to1do

3 if i =n — k then

4 Find a weight-one Pauli operator b that
anticommutes with s;;

5 else

6 Compute a basis B for the orthogonal
complement of span{5it1,...,8n—k};

7 Pick b € B such that the corresponding Pauli

operator b anticommutes with s;;
8 A« {s; | d; € D, d; anticommutes with b};
9 di <+ b- HpeAP?

10 D« DU{d:};

11 return D;

Here, colSums(M) denotes the vector whose j-th entry
is the sum of the entries in the j-th column of M, and
sorted(u, v) denotes the pair obtained by sorting the en-
tries of v and v in nonincreasing order before comparison.

This heuristic is formulated for the synthesis of Clifford
unitaries and therefore assumes a complete 2n x 2n stabi-
lizer tableau. Encoding circuits, however, correspond to
isometries and do not uniquely specify the full tableau.
To apply the heuristic in this setting, we complete the
tableau of the encoder to a valid Clifford tableau and per-
form the synthesis on this extended representation. The
symplectic representation of a code can be completed to
a 2n x 2n symplectic matrix in the following fashion.

Given (n— k) stabilizer generators S = {s1,...,Sn—k},
we need to define destabilizer operators D =
{di,...,dm_p)} such that

e All d; commute with each other.
e d; anticommutes with s;.
e d; commutes with s; if i # j.

Such a set D can be constructed using Algorithm 1.

This completion is not unique. Different choices of sta-
bilizer generators yield different but equivalent tableau
representations of the same encoding isometry. Since the
heuristic depends on the tableau structure, these choices
can significantly influence the behavior of the greedy
search and the quality of the resulting circuit. In partic-
ular, a stabilizer generator s; may be replaced by s;s; for
1 # 7 without changing the stabilizer group and therefore
without modifying the encoded isometry. Such transfor-
mations correspond to elementary row operations on the
stabilizer part of the tableau. To maintain the symplectic
structure, the corresponding destabilizer generators must
be updated accordingly; replacing s; by s;s; requires re-
placing d; by d;d;. Similarly, logical generators may be



Algorithm 2: Pre-optimize stabilizer tableau

Input: Logical row matrices X, Z € ]ngzn

matrix S € anfk)XZn? heuristic h.
Output: Preprocessed completed tableau T € Fg”X2".
1 Compute a compatible destabilizer matrix D using
Algorithm 1;
2 T+ (XT DT ZzT 81T,

, stabilizer

3 repeat

4 Toest T3

5 hpest < h(T);

6 Let U(T') be the set of all updates of the forms

Sj < Sj + Si, D; < D; + D; (e #4)s
X+~ X;+ S5, Dj<_Dj+Zi7
Zl(—Zl-i-S], DJ(—DJ—‘rXZ
foreach U € U(T') do
7 T« U(T);
8 if A(T") < hpesy then
Tbest <~ Tl;
10 hpest < h(Tl)§
11 T + Thest;

12 until no improving update is found;
13 return 7}

multiplied by stabilizers, so X; or Z; may be replaced by
Xis;j or Z;s; without changing the encoded isometry.

We exploit this freedom by introducing a preprocess-
ing step that searches for a tableau representation with
a lower heuristic score before starting the greedy synthe-
sis. In terms of the search-space interpretation discussed
above, these row transformations correspond to mov-
ing between equivalent starting nodes that represent the
same encoding isometry. The heuristic, therefore, pro-
vides a measure of how promising a given starting point
appears. Starting from the completed tableau of the en-
coder, we greedily apply such transformations whenever
they reduce the heuristic score. In this way, the pre-
processing step selects a starting representation that is
heuristically closer to the goal state before the synthesis
begins. The resulting preprocessing procedure is summa-
rized in Algorithm 2. Here, X;, Z;, S;, and D; denote the
i-th rows of the matrices X, Z, S, and D, respectively.

After preprocessing, the synthesis proceeds by greedily
exploring the search space. Starting from the optimized
tableau, the algorithm repeatedly applies the two-qubit
transvection that minimizes the heuristic score of the re-
sulting tableau. Concretely, for the current tableau T,
we evaluate all candidate transvections 7 and compute
the heuristic score hgreedy (7(1')). The transvection that
yields the smallest heuristic score is then applied, and
the process repeats until the terminal tableau defined
in Eq. (2) is reached.

We can also use a greedy heuristic to optimize depth,
by using an idea introduced in [47], where circuits are
constructed layerwise: Instead of picking the two-qubit
gates that optimize h, we only consider two-qubit gates
not involving qubits already used in this layer. As soon
as no two-qubit gate involving qubits not already used

in the current layer improves h, the synthesis continues
with a new circuit layer. While this means the search may
pick CNOTs that do not reduce h by much, the layered
approach steers the search towards shallower circuits.

B. CNOT Encoding Circuit Synthesis for CSS
Codes

Calderbank-Shor-Steane (CSS) codes [51-53] are sta-
bilizer codes whose generators can be partitioned into
X-type and Z-type operators. Their stabilizer tableau
can be formulated in a block structure

Ly O
0 Ly
Hx 0 |’
0 Hy

i.e., the stabilizer generators and the logical operators
can be partitioned into X-type and Z-type operators.
Let mx and myz denote the numbers of X-type and Z-
type stabilizer generators, respectively, i.e., the numbers
of rows of Hy and Hy.

The Fo matrices Hx and Hz are usually referred to as
the check matrices of the code, as they can be interpreted
as the check matrices of two classical linear codes. The
CSS condition states that

Hy -H}=0.
We also have

Hy-LL =0 Hy L% =0,and Lx- L%} =1,
by the definition of stabilizer codes.

We now show that an encoder for any CSS code can
be reduced to a matrix elimination problem of the matrix
(Lx H)T()T CNOT gates realize column additions over
F2 on this matrix. Since these operations generate the
required invertible linear transformations, encoders for
CSS codes can be implemented by CNOT circuits.

Consider a linear map C' implemented by a CNOT cir-
cuit such that

() e=(Gss) ®

with A € FJ**™% invertible B € F5*™X and the
equality holds up to a reordering of rows. C then also

satisfies
LZ -1 _ 0 E Ik-
() =Gbe) ©

with D € F3'#*™% inyertible E € F5*™Z  and the equal-
ity holds up to a reordering of rows. For a proof of this
fact, see Appendix C.



These reduced check matrices are then the check ma-
trices of the identity encoding isometry up to Hadamard
gates. To see this, consider the stabilizer tableau defined
by the reduced check matrices:

Since A and D are invertible, we can eliminate B and F
from the tableau and reduce A and D to identity via sta-
bilizer row operations, obtaining the stabilizer-equivalent
tableau

0 01;/]0 0 O
0 00|0 O I
I, 00/0 0 O
0 00|01/, O
Applying Hadamard gates to the first mx qubits gives

the tableau

00 I,| O 0O o
00 0| O 0 I
000|[,, 0 O ’
ooo0| 0 I,, O
which is the tableau of the identity isometry

from Eq. (2) up to qubit relabelling.

If we have a linear circuit G that implements C, an en-
coding circuit for the input CSS code is then constructed
as follows.

1. Initialize the first mx qubits in |+).
2. Initialize the next myz qubits in |0).

3. The last k qubits of the circuit are the inputs that
map physical qubit |¢), to logical qubit |¢),.

4. Apply G to these qubits.

Encoding circuit synthesis for CSS codes is therefore
equivalent to a matrix elimination problem over IF5: The
task is to find a sequence of CNOT gates (column ad-
ditions) that transform the matrix (L H;)T into the
form of Eq.(8). This reduction is not unique; different
elimination sequences yield encoding circuits with differ-
ent CNOT counts or depths. Our goal is therefore to
synthesize circuits that minimize these resources.

Example III.1 (Steane Encoder). Consider the [7,1, 3]
Steane code [54] with check matrix

Hy =

o= O
OO =
(R
=)
— =
[ R
== O

and logicals
LX:LZ:(l 001001).
Following the reasoning in the previous section, we can

construct an encoding circuit for the Steane code by re-
ducing the matrix

/10 \
G- {10101 01)
00

using the following sequence of column additions:

010
1 1
1 1
011

— = Ol

0
1
0
1

= O Ol

1001001 1001001
0110110 CXs,6 0110100
1010101 1010111
0001111 0001101
1000001 1000001
CX7.4 0110100 CX6,4 0110100
1011111 1010111
0000101 00001O01
1000001 1000101
CX3,2 0010100] CXgps 0010100
1110111 1110011
0000101 00000O01
1010101 1000101
CXy,3 0010100] CXs3 0000100
1100011 1100011
0000001 0000001
1000101 1000101
CXa,1 0000100 CXe,2 0000100
0100011 0000011
0000001 00000O0T1

The synthesis is done at this point because the check
matrix is of the form Eq. (8) up to reordering of qubits.
From this form, we can read off that qubits 5, 6, and 7
are initialized in |+), qubits 2, 3 and 4 are initialized in
|0}, and qubit 1 serves as the input qubit for the state to
be encoded.

Greedy synthesis of CNOT circuits—just like greedy
synthesis of general Clifford circuits—makes use of a
greedy heuristic guiding the search by evaluating which
CNOT (i.e., column addition) to apply in each step dur-
ing the elimination. Since encoding circuits for CSS codes
can be synthesized as CNOT circuits based on one of the
check matrices of the code, we can employ techniques
from CNOT circuit synthesis in our setting. CNOT cir-
cuit synthesis has also been discussed in Ref. [19], where
the authors propose both a greedy best-first approach to
CNOT circuit synthesis as well as an improved method
using A* search [55]. But they do not make use of the de-
grees of freedom of row operations, i.e., stabilizer group
operations, during the search. Reference [47] specifically



applies a greedy best-first approach to state preparation
synthesis where arbitrary row operations are allowed.

The greedy synthesis from both Ref. [19] and Ref. [47]
is based on the heuristic

h(H) = Hyj (10)

which counts the number of non-zero entries in the in-
termediate matrix. At every step of the reduction, the
CNOT is chosen that locally minimizes h, i.e., removes
the most non-zero entries.

We can reuse this greedy approach for encoding circuit

synthesis. Starting from the stacked matrix (L H)T()T
we also always pick the CNOT that locally minimizes
h; this is the same heuristic as in Refs. [19, 47]. What
changes is how a goal state is identified. Instead of
requiring a full reduction of the matrix, we explicitly
check whether the intermediate check matrix is of the
form of Eq.(8). Incorporating this check directly into
the search avoids unnecessary CNOT gates that reduce
entries in the check matrix but do not affect the encod-
ing isometry. Thus, the independence of the encoding
circuit from the stabilizer generators is directly incorpo-
rated into the terminating condition of the search.

The greedy search may reach a local minimum, in the
sense that no single CNOT gate can reduce the heuristic
score of the current check matrix. To escape such lo-
cal minima, we use a sequence of fallback steps ordered
by computational cost. We first apply stabilizer row op-
erations that reduce the number of non-zero entries in
the current matrix. Since row operations preserve the
represented encoding isometry and only change the ba-
sis of the row space, this might suffice to escape a local
minimum while simultaneously reducing the number of
non-zero entries in the check matrix. If this does not
suffice, we transform the check matrix into row-reduced
echelon form and continue the synthesis from there. If
the search still fails to make progress, we finally consider
short multi-gate sequences. This is the most expensive
option, but it is necessary when no single CNOT is lo-
cally improving, even though a short sequence of CNOTs
reduces the heuristic overall.

The greedy encoding circuit synthesis algorithms are
clearly suboptimal, since a locally suboptimal choice of
CNOT during elimination might yield a globally smaller
circuit. In the following, we will describe how to guide the
search towards more favorable circuit implementations
using more sophisticated search strategies.

C. Rollout Synthesis

Returning to the state-space interpretation of encoding
circuit synthesis, the greedy approaches discussed ear-
lier efficiently traverse the search space by evaluating all
possible gates at each step and selecting the one that

minimizes a greedy heuristic h. The path through the
search space thus obtained is certainly not optimal, but
it can be computed efficiently. Reference [19] also pro-
poses an A* search of this state space. The idea is to use
the heuristics of Eqs. (6) and (10) to estimate the objec-
tive value of a state and expand the state in the search
queue that minimizes the sum of the state’s cost and the
heuristic. The authors of Ref. [19] restrict the number
of states stored in the search queue to avoid the poten-
tially exponential space requirement of A* search. This
strategy enables a wider exploration of the search space
but remains effectively informed by a locally computed
heuristic score.

Here, we propose an alternative method for traversing
the search space. A basic issue with greedy heuristics
is that the heuristic score can only serve as a proxy for
the optimization objective we are ultimately interested
in, i.e., the number of two-qubit gates or circuit depth.
We can further improve the synthesis by using a score
that better reflects the actual circuit cost we seek to min-
imize. Such a score can be constructed using a rollout
scheme [56]. Instead of picking the gate that optimizes h,
we can roll out the entire path through the search space
that we would obtain if we performed greedy search. We
can then directly compute the score of this path from
the synthesized circuit and choose the state for which the
greedy approach would give the best circuit. Concretely,
we define

hrotout (T') = TQG(GREEDYSYNTH(T)) , (11)

where GREEDYSYNTH(T') denotes the circuit synthesized
greedily using the heuristics of Eq. (6) or Eq. (10) for a
given (intermediate) matrix 7', and TQG denotes the
number of two-qubit gates in the circuit.

Considering only two-qubit gates, computing this roll-
out score for all O(n?) two-qubit gates at each synthesis
step is computationally expensive. Instead of computing
the score for all candidates, we can therefore perform roll-
out only on subsets of possible two-qubit gates at each
step. Since hgreedy already gives an estimate of which
two-qubit gates are more promising, we can pick the ¢
candidates that locally minimize hgreedy, Where ¢ is an
input to the synthesis.

Depending on the size of the synthesized encoding cir-
cuit, the rollout approach can be recursively applied.
This procedure can only be realized to a limited extent
as the number of circuits required to be synthesized us-
ing GREEDYSYNTH grows exponentially with the num-
ber of rollout levels: If we consider t candidates at every
level, and assuming the synthesis requires g gates, then
evaluating the f-level rollout score requires performing
greedy synthesis for (g - t)¢ circuits. The number of ex-
panded candidates can also be chosen differently for each
level, giving control over the potential runtime of this ap-
proach. This overhead of greedily synthesizing many cir-
cuits quickly becomes intractable, but carefully choosing
t and ¢ can potentially lead to considerable improvements
to the encoding circuit synthesis by encouraging deeper



exploration of the search space.

The rollout approach can also be used to optimize
for other metrics, such as depth, by changing what is
evaluated on the circuit synthesized by GREEDYSYNTH.
Since we have access to the entire synthesized circuit of
a path, any optimization objective can be used to guide
the search. To optimize both the two-qubit gate count
and depth, one can also minimize over tuples

(TQG(Ggreedy)a depth(Ggreedy)) ,

where Ggreedy is the circuit obtained from the greedy syn-
thesis. Therefore, this rollout score uses depth to break
ties for paths yielding circuits with equal two-qubit gate
count.

A practical approach to limit the runtime of the roll-
out synthesis is to keep track of the current best circuit
and prune candidates that do not promise to improve
it. If at any point during the search, no rollout offers
an improvement, the search can be terminated early. In
practice, gates chosen early in the search have a much
greater impact on the resulting circuit size than gates
chosen later. Therefore, pruning encourages aggressive
exploration of the search space early in the search and
speeds up the synthesis as it progresses.

The proposed search methods apply to arbitrary non-
CSS and CSS codes. While the greedy construction is
fast and scalable, more extensive rollout can become com-
putationally expensive on larger instances. When the tar-
get isometry admits a modular decomposition, however,
the synthesis task can be split into smaller subproblems,
allowing more aggressive optimization on the resulting
local instances. We turn to this setting next.

IV. ENCODING CIRCUITS FOR
GENERALIZED CONCATENATED &
HOLOGRAPHIC QUANTUM CODES

The methods of Section III treat encoder synthesis as a
search over the full stabilizer tableau of the target isom-
etry. For structured code families whose encoders admit
a modular decomposition, however, it is more effective
to exploit this structure directly by decomposing the en-
coder into local constituent isometries, optimizing these
local building blocks, and then composing the resulting
circuits into a global encoder.

This viewpoint is particularly natural for generalized
concatenated [57] and holographic codes [27-33, 58],
whose encoding maps are built recursively from smaller
isometries. To describe and manipulate such decomposi-
tions, we use ZX-diagrams, which provide a convenient
representation of encoding isometries and their compo-
sition [59]. We begin with a simple concatenated con-
struction that illustrates the modular viewpoint, then de-
scribe how the resulting local instances can be optimized
exactly using SMT-based synthesis, and finally discuss
the partitioning problem and the trade-offs induced by
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FIG. 3: A ZX diagram representation of the [5,1,3]
code’s encoding isometry. The logical input wire is con-
nected to the Z-spider at the center of the diagram. The
blue edges correspond to wires with a Hadamard box [38].

the choice of decomposition for codes with more intri-
cate composition structures.

A. Concatenated Codes from Local Isometries

Any Clifford isometry can be represented by a Clifford
ZX-diagram. In this representation, the composition of
encoding maps is expressed directly by connecting dia-
grams along shared wires. This makes ZX-diagrams a
natural language for describing recursively constructed
encoders, since both the local constituent isometries and
their composition into a global encoder remain explicit.

As a simple example, Figure 3 shows a ZX-diagram
representation of the [5,1, 3] encoding isometry. In this
representation, the inner open wire is taken to be the log-
ical input, while the outer open wires correspond to the
physical outputs. More generally, however, a given ZX-
diagram need not define a valid encoding isometry for an
arbitrary choice of inputs and outputs. The admissible
choices depend specifically on the properties of the under-
lying quantum many-body state.! Different valid choices
of inputs and outputs can therefore give rise to distinct
encoding isometries, corresponding to related codes ob-
tained, for example, by code shortening [29, 32, 61].

By wiring together copies of the [5,1,3] encod-
ing isometry, one obtains the encoder of the [25,1,9]
concatenated-five-qubit code shown in Figure 4a. Re-
placing each isometry block by a circuit implementation
of the [5, 1, 3] encoder then yields an encoding circuit for
the full 25-qubit code. In this case, we can extract an en-
coding circuit from the diagram simply by unfusing some

1 For example, if the underlying state is represented by a perfect
tensor [29], then any input can be taken, but if the codestate
is not absolutely maximally entangled (AME), then this is not
possible in total generality [30, 32, 60].



(a)

11

=
1%1%1%1
HE T

(b)

FIG. 4: Encoding circuit synthesis of the [25,1,9] concatenated [5,1,3] code. (a) The ZX-diagram for the 25-qubit
encoder is constructed by connecting the outputs of one copy of the 5-qubit encoding isometry with the inputs of
five more copies of the 5-qubit encoder. (b) An encoding circuit is constructed by replacing each 5-qubit encoding

diagram with a circuit extracted from the isometry.

spiders:

O
O—
Oi =
Qi
B—

(12)
Replacing each constituent isometry by a circuit imple-
mentation, therefore, yields a global encoding circuit con-
structed from local building blocks as shown in Figure 4b.

This example illustrates the basic idea of modular syn-
thesis: For recursively constructed code families, the
global encoder can be assembled from a small number
of reusable constituent encoders. Optimizing these local
blocks is therefore a natural way to improve the resulting
global circuit.

B. Optimal Synthesis of Local Isometries

Once the synthesis problem has been reduced to local
constituent encoders, these smaller instances can often
be treated using exact methods. To this end, we use a
symbolic synthesis approach. Since unitary Clifford syn-
thesis is a special case of encoding-circuit synthesis, the
problem is at least as hard as optimal Clifford synthesis,
which is known to be NP-hard [20, 62]. Our encoding
combines ideas from SAT-based optimal Clifford synthe-
sis [20] and SMT-based optimal state-preparation syn-
thesis for CSS codes [47], and generalizes them to local
encoding isometries. We only sketch the basic idea here
and defer the full encoding to Appendix B.

The symbolic encoding follows a bounded-model-
checking view of the synthesis problem. For each circuit

depth d =0, ..., dnax, we introduce a symbolic stabilizer
tableau (or, for CSS codes, a symbolic check matrix) 7).
Since these are Fo-matrices, every matrix entry is repre-
sented by a Boolean variable. For each layer d < dpyax,
we additionally introduce symbolic gate variables ¢(¥) de-
scribing the parallel gate applications performed in that
layer.

Abstractly speaking, we need to encode the following
constraints:

®;nit: The initial symbolic tableau T©) must be equal to
the tableau of the target encoding isometry.

Dcons: The assignments to the gate variables are consis-
tent, i.e., gate applications at each symbolic layer
of the circuit represent a valid set of parallel gate
applications (e.g. no two gates act on the same
qubits).

D ans: Consecutive symbolic tableaus are related by the
corresponding gate layer.

®y0a1: The final tableau represents the identity tableau
according to Eq. (2) (or Eq. (8) in the CSS case).

The resulting synthesis problem is then encoded as the
Boolean formula

® = q)init A (I)cons A (I)trans A (I)goal-

Thus, ® is satisfiable if and only if there exists an en-
coding circuit of depth at most d,ay for the chosen gate
set.

In practice, we instantiate ® and solve the result-
ing formulas using an off-the-shelf SMT solver such as
73 [63]. A satisfying assignment fixes the symbolic gate
variables ¢(¥) and therefore determines an encoding cir-
cuit layer by layer. Solving the encoding for increasing
values of d,. until the first satisfiable instance is found
yields a depth-optimal circuit.
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FIG. 5: (a) ZX-diagram of the encoding isometry of the
[7,1,3] Steane code. (b) Partitioning of the Steane en-
coder into two smaller encoding isometries.

Gate-optimal synthesis can be handled in two ways.
First, one may keep the layer-based encoding and add
cardinality constraints on the selected gate variables,
thereby minimizing the number of gates within a fixed
depth bound. This procedure yields a natural lexico-
graphic optimization, where depth is minimized first and
gate count second. Second, one may replace the layer-
based encoding with a gate-based encoding, in which each
symbolic transition corresponds to a single gate applica-
tion rather than an entire layer. In that case, the time
horizon directly equals the gate budget. Both variants
are described in Appendix B.

C. Modular Synthesis

While the tree-style concatenation above provides a
simple example of modular encoder synthesis, the same
idea applies more broadly to structured encoding isome-
tries. Given the ZX-diagram of an encoding isometry D,
the goal is to partition it into sub-isometries D;,..., D,
such that D is obtained by composing these local blocks.
One can then optimize the constituent encoders individ-
ually and compose the resulting circuits into a global
encoder.

For an arbitrary ZX-diagram, a difficult part of this
procedure is to partition the diagram into smaller subdia-
grams that still represent valid encoding isometries. Con-
sider, for example, the encoding isometry of the [7,1, 3]
Steane code shown in Figure ba [42, 64]. Not every cut
through the diagram partitions it into two valid encoders
from which we can extract an encoding circuit. In par-
ticular, for the fused diagram in Figure 5a, no direct cut
yields two valid encoding isometries. We can, however,
unfuse two of the inner Z-spiders and cut between them
as shown in Figure 5b. The resulting cut partitions the
encoder into a l-input-5-output encoding isometry and a
2-input-4-output encoding isometry?.

2 Dy and D» are actually both the same diagram as in Figure 1.
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For generalized concatenated and holographic codes,
this partitioning problem is considerably more struc-
tured, since their recursive construction already speci-
fies a natural decomposition into constituent encoders.
At a higher level, holographic codes can be viewed as
code constructions inspired by the AdS/CFT correspon-
dence, in which logical degrees of freedom reside in the
bulk and physical qubits on the boundary [29, 66, 67].
Logical qubits closer to the boundary are typically less
protected, but remain more directly accessible for logical
measurements and gates. Accordingly, one may associate
different effective distances with different logical degrees
of freedom. More generally, decoding and recovery are
governed by boundary regions whose size is determined
by geodesics in the underlying hyperbolic geometry (see,
for instance, Ref. [49] for conceptual visualizations). For
our purposes, this bulk—-boundary structure is precisely
what makes the global encoding map naturally amenable
to a modular description in terms of constituent local
isometries.

From the perspective of encoder synthesis, this struc-
ture manifests itself as a composition of local tensors or
isometries whose inputs and outputs correspond natu-
rally to bulk logical and boundary physical degrees of
freedom.? Cuts placed along the inputs and outputs of
these constituent encoders, therefore, again yield valid
local encoding isometries. This modular viewpoint is
particularly effective because the global encoder is of-
ten assembled from only a small number of distinct con-
stituent encoders that are reused many times. Hence,
only a small number of local isometries must be synthe-
sized, while improvements in these local building blocks
propagate throughout the full construction. This makes
exact or near-exact synthesis of the constituent encoders
worthwhile even when direct optimization of the full en-
coding isometry is infeasible.

Consider, for example, the HaPPY code [29] shown
in Figure 6. As in the tree-style construction of Figure 4a,
the global encoder is assembled from multiple copies of
the encoding diagram of the [5,1,3] code. The com-
position pattern is more intricate, however, since these
constituent encoders are not connected only from logi-
cal to physical legs. Nevertheless, valid local encoding
isometries can still be identified systematically. The sub-
diagram marked in blue, for example, can be rewritten
to define the following encoding isometry from two input
qubits to four output qubits:

We have therefore re-derived the fact that the Steane code can
be obtained by concatenating two copies of the [4, 2, 2] code [65].

3 One may envision using the quantum LEGO formalism [65, 68],
as the tensor-network formulation of the codespace allows for eas-
ily repartitioning the state space into suitable isometries; how-
ever, such exploration is outside of our scope, and we reserve it
for future work.



FIG. 6: ZX-diagram of a holographic HaPPY [29] code.
Logical (bulk) input legs are connected to the center spi-
ders of the constituent five-qubit encoding isometries,
while physical output (boundary) legs are connected to
the outer spiders. The highlighted subdiagrams illus-
trate two constituent local encoding isometries: a smaller
2-input-4-output block (blue) and a larger 4-input-12-
output block (orange).

e (13)
T

The choice of partition also induces a trade-off. Finer
partitions produce smaller subproblems and therefore al-
low stronger local optimization, but they may also in-
troduce additional composition layers, thereby incurring
undesired depth overhead. Coarser partitions reduce this
composition overhead at the cost of more difficult lo-
cal synthesis problems. For example, the subdiagram
marked in orange in Figure 6 defines an encoding isome-
try from four logical qubits to 12 physical qubits. Resyn-
thesizing such a larger block can reduce composition over-
head and therefore improve circuit depth, but it also
yields a substantially harder local synthesis problem.
This trade-off provides a practical design space for mod-
ular encoder synthesis, which we evaluate in Section V D.

V. EVALUATION

The proposed encoding circuit synthesis methods have
been implemented in the open-source library MQT
QECC, which is part of the Munich Quantum Toolkit [1].
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Using this implementation, we synthesized general-
state encoding circuits for a range of stabilizer codes.
Since state-preparation circuits arise as a special case of
general encoding circuits and are independently relevant
for resource-state preparation in fault-tolerant protocols,
we also synthesized circuits for preparing logical all-zero
and all-plus states; these additional results are reported
in Appendix D.

We evaluate the proposed methods along three axes:
Overall circuit quality on a benchmark set of stabilizer
codes, the effect of rollout on the search, and a case study
of modular synthesis for a 12-qubit holographic code. Ad-
ditional information on the impact of early termination
is reported in Appendix E.

A. Setup

a. Synthesis of arbitrary encoding circuits. We eval-
uate the rollout synthesis from Section IIIC on a va-
riety of stabilizer codes. For CSS codes, we consider
2D [69] and 3D color codes [70], quantum Hamming
codes [71], the [23,1,7] Golay code [71], the [30,6,5]
symplectic double code from Ref. [35] and bivariate bi-
cycle codes [36]. For non-CSS codes, we consider the
[8, 3, 3] Gottesman code [72] and the [15,3, 5] code from
Ref. [35].

The heuristic encoding circuit synthesis methodology
proposed in Section IIT has two settings that can be ad-
justed to influence how thoroughly the search space for
the circuit constructions is explored during the synthesis:

£, t: The number of decision layers ¢ for which rollout is
performed and the number of candidates tq,...,%,
that are evaluated using the rollout synthesis for
each placed gate in the search.

ET: Whether early termination is enabled, meaning
that the search is stopped once rollout no longer
produces an improvement during synthesis.

Since t1,-- - ,ty candidates are evaluated at each stage
of the search, raising £ has an exponential impact on the
runtime. However, a higher degree of rollout naturally
explores the search space more thoroughly, potentially
yielding more compact circuits. For the evaluations, we
set £ € {0,1,2}, t; € {10,20, 30,40, 50,100,200}, and
to € {t1/2,t1/5}. The parameter ¢ denotes the rollout
depth: Instead of choosing the next gate directly from
the greedy heuristic, the search evaluates candidate gates
by greedily completing the remaining synthesis task re-
cursively for ¢ decision layers. If / = 0, no rollout is
performed and gates are chosen directly using the greedy
heuristic from Section III.

The same trade-off is made when deciding whether to
terminate the search early. If early termination during
the search is disabled, the rollout is performed for each
gate until the entire circuit has been constructed, even
if many decisions do not yield an immediate benefit to
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TABLE I: Best depth-optimized circuits for each synthesis task. For each code, we report the gate count G and depth
D obtained by our method and by RUSTIQ [34] for the best encoder, zero-state preparation circuit, and plus-state

preparation circuit.

Encoder Zero Plus
Code Ours RusTiQ Ours RusTiQ Ours RusTIQ

G D G D G D G D G D G D
[[8, 3, 3]] 14 5 19 7 13 5 11 4 9 5 12 5
[[15,1, 3]] 24 4 25 6 22 4 24 5 23 4 25 4
[[15, 3, 5]] 43 10 51 9 45 10 36 7 41 9 35 7
[[15,7, 3]] 31 6 49 15 22 4 24 6 22 4 23 5
[[17,1,5]] 25 5 25 5 23 4 24 4 23 4 24 5
[[19,1, 5]] 29 5 34 6 27 4 33 6 27 4 30 5
[[23,1,7]] 53 8 55 8 57 7 58 7 57 7 62 7
[[30, 6, 5]] 95 9 109 15 68 7 80 8 68 7 81 7
[[31,1,7]] 48 5 50 7 46 4 52 6 46 4 48 6
[[31,21, 3]] 109 11 194 37 52 5 56 7 52 5 58 8
[[37,1,7]] 63 6 68 6 59 5 70 6 59 5 74 7
(72,12, 6]] 261 19 383 24 223 9 273 12 214 9 251 10
[[90, 8, 10]] 183 12 242 14 147 8 178 8 147 8 180 8
[[108, 8, 10]] 667 24 634 23 548 15 597 16 460 14 592 16
[[144,12,12]] 1081 29 856 26 687 15 749 14 330 16 740 15

the search objective.

For each synthesis instance, we

preparation tasks using the proposed rollout search and

construct two circuits, one optimized for two-qubit gate
count and one optimized for depth. If ¢ > 1, the sec-
ondary optimization objective is used to break ties.

We benchmark our rollout synthesis with the state-
of-the-art graph-state-based Clifford isometry synthesis
tool Rustiq, which implements the methods described
in Ref. [34]. The syndrome-decoding-based algorithm
implemented by Rustiq internally solves a syndrome-
decoding problem during synthesis, repeatedly trying to
solve a system of equations. The number of iterations
for this is given as an input to the synthesis. For our
comparison, we set the number of iterations to 106.

b. Modular synthesis of generalized concatenated
codes. To demonstrate the modular synthesis of con-
catenated codes proposed in Section IV C, we work out
how to construct an encoding circuit for the [12,4,2]
holographic HaPPY code in detail and compare with ex-
isting constructions from the literature.

B. Best Found Encoding Circuits

Tables I and I1 report the best circuits* we obtained for
both general-state encoders and the corresponding state-

4 Note that the tables only report the best circuit found with re-
spect to the primary optimization objective, even though other
synthesized circuits might arguably strike a better balance be-
tween two-qubit gate count and depth. For the [144, 12, 12] gross
code, for example, we found a logical |O>®12 circuit with 330
gates and a depth of 17 with the greedy heuristic when optimiz-

the graph-state-based synthesis tool Rustiq [34].

Across the benchmark set, the proposed synthesis
framework produces competitive and often improved cir-
cuits compared to Rustiq, with particularly strong gains
for high-rate and larger instances. The main excep-
tions are the depth-optimized general-state encoders for
the [108,8,10] and [144, 12, 12] bivariate bicycle codes,
for which Rustiq achieves both lower gate count and
lower depth. The comparison also reveals a qualita-
tive difference between non-CSS and CSS codes. For
non-CSS codes, Rustiq tends to perform better on state-
preparation synthesis, whereas our methods are slightly
more favorable for general-state encoder synthesis. A
plausible explanation is that, in the non-CSS setting, our
method first completes the target isometry to a full sta-
bilizer tableau by introducing destabilizers, making state
preparation and general-state encoder synthesis struc-
turally very similar. In this regime, the preprocess-
ing step in Algorithm 2 appears to yield less favorable
tableau completions for state preparation than for en-
coder synthesis. By contrast, for CSS codes, our methods
perform particularly well, suggesting that restricting the
synthesis to a single check matrix substantially simplifies
the elimination problem.

Reference [19] compares the two-qubit gate counts of
their proposed A* search and greedy synthesis for logical
|0) states against various other CNOT circuit synthesis

ing for depth, but Table I lists the 687 gate, depth 15 circuit.
See Appendix D for more details.
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TABLE II: Best gate-optimized circuits for each synthesis task. For each code, we report the gate count G and depth
D obtained by our method and by RUSTIQ [34] for the best encoder, zero-state preparation circuit, and plus-state

preparation circuit.

Encoder Zero Plus
Code Ours RusTiQ Ours RusTiQ Ours RusTiQ

G D G D G D G D G D G D
(I8, 3, 3]] 12 8 15 10 11 8 10 7 9 5 9 5
[15,1,3]] 24 5 24 9 22 5 22 12 23 5 23 9
[[15,3,5]] 36 11 35 16 36 13 28 8 31 12 27 13
[[15,7,3]] 28 7 46 23 22 5 22 7 22 5 23 13
[[17,1,5]] 25 5 24 7 23 4 25 7 23 4 24 9
[[19,1,5]] 29 6 32 10 27 4 30 15 27 4 30 11
[123,1,7]] 49 10 54 32 45 10 52 24 45 10 50 24
[[30, 6, 5]] 82 13 84 29 61 11 71 28 62 11 71 27
([31,1,7]] 47 6 53 16 45 5 51 20 45 5 52 15
([31,21, 3]] 94 18 153 45 52 8 52 13 52 8 55 35
([37,1,7]] 60 8 69 21 57 6 68 27 57 6 66 17
[[72,12,6]] 239 40 273 48 150 14 202 61 150 15 214 73
[[90, 8, 10]] 178 23 193 46 134 21 144 26 135 21 185 54
[[108, 8, 10]] 367 62 448 132 402 58 446 133 378 49 457 136
[[144,12,12]] 544 110 775 224 330 39 581 134 330 32 578 166

tools, determining that the A* approach outperforms all
other methods on all instances (Ref. [19], Table 5). Our
gate-counts for the same circuit instances shown in Ta-
ble IT either match those reported by Ref. [19] or are
lower. For the [23,1,7] Golay code, we find an encoder
using only 45 CNOT gates, a reduction of 19% compared
to Ref. [19] and 21% compared to Ref. [73]. The circuit
from Ref. [73], however, achieves 57 CNOT gates at depth
7, whereas our 45-CNOT circuit has depth 10. When tar-
geting depth as the primary optimization objective, our
rollout synthesis also yields a circuit of depth 7 using 57
two-qubit gates, matching the circuit metrics of Ref. [73]
exactly.

For the [30,6,5] high-rate symplectic double code,
Ref. [35] proposes an optimized state preparation circuit
for the logical |+) state using 67 CNOT gates at a depth
of 11. Our automated synthesis approach produces a cir-
cuit using 62 gates at a depth of 11 when optimizing for
gates, and a circuit using 68 two-qubit gates at a depth of
7 when optimizing for depth. Ref. [35] constructs an en-
coding circuit for the [30,6,5] code by reusing the state
preparation circuit for the |+) state and prepending a
CNOT circuit to ensure the correct encoding of an arbi-
trary 6-qubit state into the code. This method gives a
circuit using 101 two-qubit gates at a depth of 17°. In
comparison, our synthesis approach directly constructs a
general state encoding circuit using 82 two-qubit gates

5 The circuit depicted in Ref. [35] uses an unoptimized |+) state
preparation circuit. The listed circuit metrics are for the opti-
mized encoding circuit.

at a depth of 13 when optimizing for gates and a circuit
using 95 two-qubit gates at a depth of 9 when optimizing
for depth.

For the [17,1,5] color code, the best circuit we ob-
tain uses 25 CNOT gates at depth 5, one CNOT more
than the encoder from Ref. [10] and the one found by
Rustiq. Even with extensive rollout, the search does not
recover the 24-CNOT circuit when initialized with our
default minimal-weight logical representative. Switching
to a different representative, however, guides the synthe-
sis toward a circuit matching the gate count and depth
reported in Ref. [10].

Interestingly, our methods find zero-state preparation
circuits for the [108,8,10] and [144, 12, 12] bivariate bi-
cycle codes requiring 430 and 330 two-qubit gates, re-
spectively, even though the latter code has more physical
qubits and stabilizers. A related anomaly appears for the
[108,8,10] code: The gate-optimized general-state en-
coder requires only 367 two-qubit gates, whereas the syn-
thesized logical |0> state-preparation circuit requires
402, despite the fact that the latter could in principle be
obtained from the encoder simply by fixing the inputs
to |0). A closer inspection suggests that this behavior is
caused by repeated local minima in the greedy search.
As described in Section III, escaping such minima may
require row operations, row reduction, or short multi-
gate sequences. While these steps allow the synthesis
to proceed, they can also leave the intermediate check
matrix in a form that is less favorable for subsequent
greedy optimization. For the [108,8,10] code, this ap-
pears to happen repeatedly during state-preparation syn-
thesis, leading to the observed overhead. Local minima
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TABLE III: Depth-optimized encoding circuits for different rollout levels. G denotes two-qubit gate count, D circuit
depth, and AG / AD denote the relative improvement (%) with respect to the greedy baseline.

Greedy Rollout 1 Rollout 2
Code G D t ET G AG D AD (t1,t2) ET G AG D AD
[[8, 3, 3]] 15 6 10 n 14 6.7 5 16.7 10,2 y 14 6.7 5 16.7
[[15,1, 3]] 24 4 10 vy 24 0.0 4 0.0 10,2 y 24 0.0 4 0.0
[[15, 3, 5]] 53 12 10 n 45 151 10 16.7 40,20 y 43 189 10 16.7
[[15,7,3]] 36 9 30 n 33 8.3 7 222 30,15 vy 31 139 6 333
[[17,1,5]] 25 5 10 vy 25 0.0 5 0.0 10,2 y 25 0.0 5 0.0
[[19,1, 5]] 29 6 10 n 29 0.0 5 16.7 10,2 n 29 0.0 5 16.7
[[23,1,7]] 63 9 100 n 53 15.9 8 11.1 50,25 'y 55  12.7 8 11.1
[[30, 6, 5]] 99 13 100 n 92 7.1 10 231 30,6 n 95 4.0 9 308
[[31,1,7]] 48 6 10 vy 48 0.0 6 0.0 50,25 'y 48 0.0 5 16.7
[[31,21, 3]] 127 23 10 n 109 14.2 11 522 204 n 112 11.8 12 478
[[37,1,7]] 65 8 40 vy 63 3.1 7 125 30,6 n 63 3.1 6 250
[[72,12,6]] 274 33 50 n 261 4.7 19 424 50,10 y 268 22 20 394
[[90, 8, 10]] 187 20 50 n 183 2.1 12 40.0 10,2 n 187 0.0 12 40.0
[[108, 8, 10]] 750 30 100 'y 724 3.5 24 200 40,8 y 667 11.1 24 200
[[144,12,12]] 798 83 200 y 1081 -355 29 651 20,10 y 700 123 70 15.7

are encountered in other instances as well — for exam-
ple, in the synthesis of the [31, 21, 3] quantum Hamming
code — but there such minima do not lead to a similarly
large overhead. This finding suggests that more sophisti-
cated strategies for escaping local minima could further
improve synthesis quality for such instances.

C. Impact of Rollout on the Search

To illustrate the impact of the rollout depth ¢ on the
search, Table IIT (Table IV) lists the best circuit obtained
for each choice of £ when optimizing for depth (two-qubit
gates). Greedy corresponds to the case of £ =0. If £ >0
the ¢t columns correspond to the lowest setting of ¢t for
which the corresponding circuit was obtained, meaning
no further improvements could be obtained by increas-
ing the number of candidate gates explored during the
search. The ET column denotes whether the circuit was
obtained with early search termination enabled. A “n”
indicates that a better circuit was found when not en-
abling early termination, and a “y” indicates that no
improvements could be made by disabling early termina-
tion.

From these results, we can see that the rollout is par-
ticularly helpful in optimizing the secondary objective.
Even when additional rollout yields no (or little) benefit
for the primary objective, significant improvements can
be achieved for the secondary objective. For synthesis
with gate optimization, this approach reduces depth by
up to 63% in some instances.

We also see that, for / = 2 and larger codes, we ob-
tain worse results than for £ = 1. The reason for this
is that the extensive rollout exceeds the 24h timeout.
The best circuits found are either those where the search

terminated early, missing optimization potential during
synthesis, or those where the number of considered can-
didates was too small to find an improvement over the
¢ =1 rollout.

D. Encoding Circuit Synthesis for the 12-qubit
HaPPY Code

We now evaluate the modular synthesis workflow on
the 12-qubit HaPPY sub-isometry highlighted in Fig-
ure 6. This code is obtained by composing four copies
of the five-qubit encoding isometry in the non-tree-like
pattern described in Section IV C, yielding an encoding
isometry from four bulk logical qubits to twelve boundary
qubits [49]. Our goal is to compare direct extraction of
the local constituent encoders, exact resynthesis of these
local encoders, and rollout-based resynthesis of the full
12-qubit block.

The 12-qubit code has previously been analyzed using
ZX-diagram rewrites in Ref. [59], where the encoder is
optimized at the diagrammatic level and a circuit is ex-
tracted afterwards [74, 75]. Here, by contrast, we use
the partition from Section IV C to construct the global
encoder from optimized local circuits.

To make the modular structure explicit, we first re-
order the ZX-diagram so that the flow of intermediate
wires between constituent encoders becomes visible:
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TABLE IV: Gate-optimized encoding circuits for different rollout levels. G denotes two-qubit gate count, D circuit
depth, and AG / AD denote the relative improvement (%) with respect to the greedy baseline.

Greedy Rollout 1 Rollout 2
Code G D t ET G AG D AD  (t1,t2) ET G AG D AD
18,3, 3]] 13 7 10 n 13 0.0 6 14.3 40,8 y 12 7.7 8 -14.3
[[15,1,3]] 24 10 20 n 24 0.0 6 40.0 10,2 n 24 0.0 5 50.0
[[15, 3, 5]] 48 25 20 n 39 188 12 52.0 30,6 n 36 25.0 11 56.0
[[15,7,3]] 35 18 20 n 31 114 8 55.6 50,10 =n 28 20.0 7 61.1
[[17,1,5]] 25 7 10 vy 25 0.0 7 0.0 10,5 n 25 0.0 5 28.6
[[19, 1, 5]] 30 13 30 y 29 3.3 7 461 20,10 =n 29 3.3 6 53.9
[123,1,7]] 57 27 50 n 50 12.3 13 519 40,8 n 49 14.0 10 63.0
1130, 6, 5]] 101 29 200 n 85 15.8 18 379 30,15 n 82 1838 13 55.2
[[31,1,7]] 49 13 30 n 47 4.1 8 385 20,10 =n 47 4.1 6 53.9
[[31, 21, 3]] 125 47 200 n 100 20.0 20 57.5 50,25 n 94 2438 18 61.7
[137,1,7]] 61 14 30 n 61 0.0 10 28.6 204 n 60 1.6 8 42.9
[[72,12,6]] 262 88 40 n 241 8.0 40 545 10,5 n 239 8.8 40 54.5
[[90, 8, 10]] 179 36 40 n 179 0.0 24 333 204 n 178 0.6 23 36.1
[[108,8,10]] 625 107 50 n 367 41.3 62 421 40,20 y 371 40.6 97 9.3
[[144,12,12]] 682 152 40 =n 544 202 110 276 204 vy 556  18.5 157 -3.3

(14)

Reading the reordered diagram from left to right, we

identify three distinct local isometries (up to spider re-

arrangements). We can identify the stabilizer tableau of

these local encoders and extract circuits from them by
repeated application of the spider fusion rule.

Sub-encoder Tableau Extracted circuit
7727277
XXXXX © ? 9
. ‘
XI1XZZ OO+
Z X1 X Z o—O0——O00O00—
Z1XX
Z Z X I o—O0o 00— —0—
1 ZX2Z ot lo ok
ZX1X ol 6 b oado
XZZX P S
ZYY Z
Z ZX
X ZzZZz T ! !
Y ZY
Yyvz DA G
ZYY P |
—O0—O0—1o—O0——0—
ZXZ

As before, Pauli operators above the horizontal line
are logical operators. Note that the last isometry is a
Clifford unitary as it “encodes” three logical qubits into
three physical qubits. In particular, this means that the

isometry has no stabilizers.

Composing the directly extracted local circuits yields
the encoder shown in Figure 7a. This circuit directly im-
plements the 12-qubit holographic encoder using 32 two-
qubit gates, compared to 48 two-qubit gates in Ref. [59],
and does not require additional qubits.

Applying the exact local resynthesis method from the
previous section further improves this. Resynthesizing
the local constituent encoders yields the circuit shown
in Figure 7b, which requires only 20 two-qubit gates at
depth 10. For comparison, the encoding map in Refs. [49,
59] already requires 20 CZ gates merely to prepare the
logical |0000); graph state that is subsequently entangled
with the logical inputs.

For the same 12-qubit instance, direct rollout-based
resynthesis of the full encoder yields a circuit with 22 two-
qubit gates at depth 9 when optimizing for gate count,
and a circuit with 24 two-qubit gates at depth 8 when op-
timizing for depth. Thus, modular exact synthesis of the
local constituent encoders gives the smallest gate count,
whereas direct resynthesis of the full encoder yields shal-
lower circuits. This tradeoff directly illustrates the trade-
off discussed in Section IV C: Optimizing smaller local
pieces is more effective for reducing gate count, while op-
timizing larger connected blocks can reduce composition
overhead and thereby improve depth.

VI. CONCLUSIONS AND OUTLOOK

We developed methods for synthesizing and optimiz-
ing encoding circuits for arbitrary stabilizer codes. For
codes lacking modular structure, we formulated encoder
synthesis as a search over stabilizer tableaus and intro-
duced greedy and rollout-based methods that optimize
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FIG. 7: Encoding circuits for the 12-qubit HaPPY code obtained from two modular synthesis strategies. (a) Circuit
obtained by directly extracting local encoding circuits from the constituent sub-isometries, requiring 32 two-qubit
gates. (b) Circuit obtained by optimally resynthesizing the local constituent encoders, reducing the gate count to
20 two-qubit gates at depth 10. For comparison, direct rollout-based resynthesis of the full 12-qubit encoder yields
a circuit with 22 two-qubit gates at depth 9 when optimizing for gate count, and a circuit with 24 two-qubit gates
at depth 8 when optimizing for depth. This illustrates the trade-off between modular exact local synthesis and full

heuristic resynthesis of the larger encoding block.

two-qubit gate count and circuit depth. For modular
code families, such as generalized concatenated and holo-
graphic codes, we exploited decompositions into local
constituent encoders and used SMT-based exact synthe-
sis to optimize these constituent encoders.

Across a broad benchmark set, these methods yield
competitive and often improved circuits compared to re-
cent encoder-synthesis methods and existing construc-
tions from the literature, with improvements of up to
43% in two-qubit gate count and up to 70% in depth.
The results indicate that exploiting the freedom among
stabilizer-equivalent realizations can substantially im-
prove general-state encoder synthesis, and that modu-
lar exact synthesis provides an effective complementary
strategy for structured code families.

Several directions for future work remain. On the algo-
rithmic side, it would be interesting to optimize for objec-
tives beyond two-qubit gate count and depth, such as log-
ical error rate, especially in settings such as magic state
preparation [11, 76-78]. Since arbitrary-input encoding
circuits are not circuit-level fault-tolerant in general, op-
timizing them in the context of a specific FTQC protocol
and under circuit-level noise is a particularly promising
direction. Incorporating noise directly into the rollout
search would likely be computationally demanding, but
the independent synthesis tasks appearing in such an ap-
proach may offer opportunities for parallelization.

More broadly, we envision our circuits also finding
application in quantum communication settings where
the goal is to maximize transmission rates by employ-
ing [n, k,d]] codes with high encoding rates k/n for large
n [79, 80]. Regarding concatenated codes, we have so far
only partially exploited the internal mathematical struc-
ture of generalized concatenated and holographic codes.
It would therefore be interesting to investigate whether
additional structure in these code families beyond modu-
larity can be leveraged to achieve more efficient synthesis.
One may imagine applying our methods to other types

of quantum circuits, for instance, realizing logical gates
[81-83]. Further related directions include the synthesis
of morphing circuits [84-86] or the extension of rollout-
based search to other compilation tasks like the orches-
tration of physical control sequences that realize FTQC
on the hardware level [87, 88].

Overall, our results show that automated synthesis can
substantially improve the design of encoding circuits and
provide a practical route to lower-overhead encoded-state
preparation across a broad range of stabilizer-code con-
structions.
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Appendix A: ZX-calculus

A ZX-diagram is constructed from two types of nodes
or “spiders”, the Z- and the X-spider:

m}{ o= [0) (O] + et [)E" (17
Y -

Clifford ZX-diagrams are comprised of spiders which
have phases of k% for k € {0,1,2,3}. The ZX-diagram
for a CNOT gate is composed of a phase-free Z- and a
phase-free X-spider:

A Hadamard gate is often denoted by a yellow box:
+

Wires carrying a Hadamard box are often abbreviated
using a blue-dashed line. Consequently, the CZ gate has
multiple representations as a ZX-diagram.

I-3-7

The ZX-calculus is a graphical calculus for rewriting
ZX-diagrams. Only seven axioms are required to derive
any equality between ZX-diagrams [38], but for our pur-
poses, we only require a subset of these:

e The identity rule:

e The Hadamard (or color change) rule:

L

e The 7m-copy rule:

23

The rules also work with all the colors reversed.

A Clifford ZX-diagram with m inputs and n > m out-
puts can be used to define an encoding isometry for a
[n,m,d] code. An example for a l-input, 5-output en-
coder is the isometry of the 5-qubit code shown in Fig-
ure 3. The encoded logical operator can be obtained from
this diagram via “Pauli pushing” by applying the m-copy
rule repeatedly to move a m spider (the ZX version of
Pauli X and Z) from the input to the output:

We can check the correctness of the stabilizers via Pauli
pushing:

We can also diagrammatically shorten the code by
pushing “logical” Paulis on an input leg.



Hence, we can also view this diagram as encoding two
logical qubits.

Appendix B: SMT Encoding for Optimal Encoding
Circuit Synthesis

As discussed in Section IV B, optimal synthesis of en-
coding circuits can be formulated as a symbolic reachabil-
ity problem over stabilizer tableaus. The synthesis task
is to find a sequence of Clifford gates that transforms the
tableau of a target encoding isometry into the canonical
tableau from Section IT C. Since stabilizer tableaus are bi-
nary matrices, this reachability problem can be encoded
using Boolean variables for tableau entries and Boolean
gate-selection variables for the transitions between suc-
cessive tableaus.

The symbolic encoding follows the bounded model-
checking viewpoint presented in the main text. For a
fixed depth bound dy,ax, we introduce a symbolic tableau
T for every layer d =0, ..., dmax. A satisfying assign-
ment to all tableau and gate variables then describes a
depth-dp,ax circuit candidate together with the symbolic
evolution of the tableau under that circuit. In this ap-
pendix, we spell out the constraints

q)ini‘m (I)goal

CI)Comsy q)transz

for arbitrary stabilizer codes and for the CSS specializa-
tion.
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1. Arbitrary Stabilizer Codes

Let

Ttar = Ztar € Fén+k)><2n

be the tableau of the target encoding isometry, where
Xiar € FE2 Zoo € FE2" and Spyr € FU7H2" de-
note the logical- X, logical-Z, and stabilizer row blocks,
respectively. Let T.., denote the canonical tableau from
the synthesis condition in Section I1C.

For every depth 0 < d < dp,ax, We introduce a symbolic
tableau

x(d)
T(d) = | z@ | = (T)((d) | Téd)) c Fén+k)X2n,
S(d)

Thus, X(d),Z(d),S(d) refer to the row blocks of the
tableau at depth d, while T)((d ) and Téd) denote its X-
and Z-column blocks.

®Oinit: initial tableau. For every rowr € {1,...,n+k},
qubit ¢ € Q :={1,...,n}, and depth 0 < d < dpax, we
introduce Boolean variables

d d

xﬂ‘l’ ZT;Q’

which encode the X- and Z-parts of tableau entry (r,q)
at depth d. The initial symbolic tableau is fixed to the
target encoding isometry:

(I)init = (T(O) = Tlcar)-

Gate-selection wvariables.
gate set

We explicitly encode the

{I,H,S,CNOT}.

For every qubit i € @ and layer 0 < d < dpyax, We intro-
duce Boolean variables
i, hg, s

indicating that qubit ¢ is acted on by the identity, a
Hadamard gate, or an S gate in layer d, respectively.
For every ordered pair of distinct qubits 7,5 € @ and
layer 0 < d < dax, we introduce a Boolean variable

d

Cigo
indicating that a CNOT with control ¢ and target j is
applied in layer d.

This explicit encoding is sufficient to synthesize any
Clifford isometry. Other single- or two-qubit Clifford
gates can be incorporated analogously by introducing the
corresponding gate-selection variables and the associated
tableau-update constraints.



Deons: consistency constraints. For every depth d and
qubit i, exactly one operation must be selected on that
qubit. Here the identity counts as an operation, so qubits
on which no nontrivial gate acts are represented explic-
itly. Thus, for every i € @Q and 0 < d < dpax, We impose

i+ +sf 4+ 4> e =1

JjEQ JEQ

J#i J#i
Since all variables are Boolean, this is an exactly-one
constraint. It ensures that each layer represents a valid
set of parallel gate applications and, in particular, that
no two gates act on the same qubit in the same layer. We
write the conjunction of all such constraints as ®¢ops.

Dirans:  transition relation. The transition relation
®rans connects T4 and T+ by the tableau action
of the selected gates.

If qubit 4 is assigned the identity in layer d, then the
corresponding tableau column remains unchanged:

n+k
zdd:>/\ d+1<:>x )/\(d+1<:>z i) -
r=1

A Hadamard gate on qubit ¢ swaps the X- and Z-parts
of that column:

n+k

/\ d+1

An S gate on qubit ¢ performs the update Z; < Z;+X;:

AN et

n+k

Si :>/\ d+1 )/\(d+1<:>2rz®xr1)-

A CNOT with control ¢ and target j performs the up-
dates X+ X;+ X, and Z; < Z; + Zj:
n+k

]:>/\< d+1

AN (xf}l &

zd )/\( d+1<:>z”69z )

xf,j@xfﬂ») (d+1(:>z ))

Together with the consistency constraints, the iden-
tity variables make all unchanged columns explicit: no
tableau entry is left unchanged only implicitly. The
full transition relation is the conjunction of all identity,
Hadamard, S, and CNOT update constraints over all
layers.

®yoar: reducibility to canonical form. The final
tableau need not equal Ti., entrywise. Instead, ®goal
characterizes all final tableaus that can be transformed
into T,,, by stabilizer row operations together with a
permutation of qubits.

Let

X(dmax)
Z(dmax)
S(dmaX)

T(dmax) —
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be the symbolic tableau at the final depth, and write

S(dmax) — (Sg(dmax) | S(deaX))

for the X- and Z-column blocks of its stabilizer row
block.

We first require that the stabilizer rows are Z-type
only:

dmax
ka—T-r q =0

Let

forallr e {1,...,n—k}, ¢ € Q.

Tstab := rank(Star)

denote the rank of the stabilizer block of the target
tableau. Since Clifford gates induce invertible transfor-
mations on the tableau, this rank is preserved throughout
the synthesis.

We now introduce Boolean pivot indicators

Dq> q€qQ,

where p, = 1 indicates that column ¢ of S(Zd""‘“‘) is
nonzero. These variables are constrained by

n—k
dxnax
Dg = \/Z2k+rq for all ¢ € Q,
r=1

together with

E Pq = Tstab-

q€Q

Hence, the final stabilizer block has exactly 7s¢.r, nonzero
columns. Since its rank is also rgap, these nonzero
columns are linearly independent and can therefore be
reduced by stabilizer row operations to identity on the
pivot columns.

Next, for every logical qubit ¢ € {1,...,k} and column
q € @, we introduce Boolean selector variables

)\i,q7

where \; ; = 1 indicates that column ¢ is the distin-
guished non-pivot column carrying the canonical X/Z
pair of logical qubit 7. These selector variables satisfy

> Nig=1

forall i € {1,...,k},

q€Q
Ai,g = g foralli e {1,...,k}, ¢ €Q,
and
k
Z)\m <1 for all g € Q.
i=1

Thus, each logical qubit selects exactly one non-pivot col-
umn, and distinct logical qubits select distinct columns.



If \; ; =1, then column g carries the canonical logical
X/Z pair for logical qubit :

Nig = afmex = LA zlmes = O A = 0 A zimex =1,
If ¢ is a non-pivot column not selected for logical qubit
i, then both logical rows of qubit ¢ vanish on that column:
If ¢ is a non-pivot column not selected for logical qubit 4,
then both logical rows of qubit ¢ vanish on that column:

g A A g = mﬁrg‘“‘ =0A zd"“‘”‘ =0

dmax
AN N

ma = 0 Azl = 0.

+i,q
Finally, on pivot columns only Z-support is allowed in
the logical rows:
Pg = ;) dmax — () A\ xz‘f;j‘q =0,
for alli e {1,...,k}, g€ Q.

Any remaining Z-support of the logical rows on pivot
columns can then be removed by adding stabilizer rows
once the stabilizer block has been reduced to identity on
those pivot columns. Collecting these constraints yields
(I)goal-

Full encoding. Putting everything together, we ob-
tain the SMT formula

d = (I)init A (I)cons A q)trans A (I)goaL

The formula ® is satisfiable if and only if there exists
a circuit of depth at most dy.x that reduces Ti, to a
tableau equivalent to Tc,, under the allowed row oper-
ations. A satisfying assignment, therefore, determines
a reduction circuit from Ti,, to Tean, and reversing this
circuit yields an encoding circuit for the target isometry.

To obtain a depth-optimal circuit, one solves ® for in-
creasing values of dyax until the first satisfiable instance
is found.

2. CSS Codes

For CSS codes, the encoding simplifies considerably.
As shown in the main text, it is sufficient to track only
one of the two check matrices together with the corre-
sponding logical operators. We use the X-side represen-

tation
LX nxn
Mx = <HX) GIE‘2X ,

where the first & rows correspond to the logical X op-
erators and the remaining n — k rows correspond to the
rows of the X-check matrix Hy.

For every depth 0 < d < dpax, we introduce a symbolic
matrix

M@ e Frm,
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For every row r € {1,...,n}, column ¢ € @, and depth
0 < d < dpayx, let m;{q denote the Boolean variable en-
coding the (r, q)-entry of M@,

Since only CNOT circuits are needed in the CSS case,
the gate set reduces to

{I,CNOT}.

Accordingly, for every qubit i € @ and layer
0 < d < dpax, we introduce an identity gate variable

id?,
and for every ordered pair of distinct qubits 7,5 € @,

i

where ¢ . indicates whether a CNOT with control 7 and
target j is applied in layer d. This procedure eliminates
all gate variables for single-qubit Clifford gates and, since
only one check matrix has to be tracked, also consider-
ably reduces the number of symbolic matrix variables.

The consistency constraints become

id?—&-Zc;{j—&—Zc;{i =1 forallie @, 0<d < dpax.
JeQ JeQ
j#i j#i
Thus, every qubit either participates in exactly one
CNOT or is acted on by the identity in that layer.

The transition relation is the corresponding specializa-
tion of the general case. An identity on qubit i leaves
column i unchanged, while a CNOT ¢ . adds column 4
into column j over [Fao:

»J

Cd‘:>

5 ( d+1<:>m )/\( d+1<:>m G}m )

>§

r=1

As before, the identity variables ensure that qubits not
acted on by a nontrivial gate are updated explicitly.

The goal constraint is the corresponding CSS special-
ization of the general case. Let

rx :=rank(Hx).

Then the final symbolic matrix must have exactly rx
nonzero columns in the part corresponding to the rows
of Hx. These columns serve as pivot columns and can
be reduced by row operations to identity. Each logical
X row must then have exactly one nonzero entry on a
distinct non-pivot column, while any remaining support
may only occur on pivot columns. Equivalently, the final
symbolic matrix is reducible to the canonical CSS form
from Eq. (8).

Overall, the CSS encoding is substantially smaller than
the general encoding: it tracks only one n X nm matrix
instead of a full stabilizer tableau and requires only id-
and CNOT-selection variables.



3. Gate-Optimal Synthesis

The encoding above is formulated for depth-optimal
synthesis, since each symbolic transition corresponds to
one layer of parallel gate applications. Gate-optimal syn-
thesis can be handled in two ways.

First, one may keep the layer-based encoding and add
pseudo-Boolean constraints on the selected gate vari-
ables. To constrain the number of two-qubit gates to
be at most gmax, we enforce the constraint

dmax_1
d
E E Cij < max-
d=0 1,j€Q

i#]

If one wishes to minimize the total number of gates rather
than only the number of two-qubit gates, the single-qubit
variables h¢ and s¢ can be counted analogously, while
the identity variables are excluded. Solving the encoding
for decreasing values of the corresponding bound yields
a minimum-gate circuit among all circuits of depth at
most dpax. This gives a natural lexicographic optimiza-
tion: one first determines the optimal depth and then
minimizes the gate count within that depth bound.
Second, one may replace the layer-based time-like en-
coding by a gate-based encoding in which each symbolic
transition corresponds to a single gate application rather
than an entire circuit layer. In that case, the time hori-
zon directly equals the gate budget. This is the approach
used for gate-optimal CSS state-preparation circuits in
Ref. [47]: consecutive symbolic matrices are related by
a single column addition, so that every step contains at
most one CNOT. The same idea carries over directly to
general encoding isometries by replacing symbolic check
matrices with symbolic stabilizer tableaus and by using
single-gate tableau updates instead of layer updates.

Appendix C: Proof that Eq. (8) implies Eq. (9)

Proof. Let

By assumption,

B

MX = ch_l = (A

(v R s}
o=
N———

where A has full rank. Now write

FGH)

A — -1 _
My = M;C _<J P

Since the CSS commutation relations are preserved un-
der applications of CNOT circuits, we have

~ I 0
MXMZT:((;“ 0).
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Expanding this product gives

FT JT
(B 0 Ik) GT KT
A0 0)\ v T
_(BFT+H" BJT4+LT\ (I, 0
o AFT AJT —\0 0/"
Hence
AFT =0, AJT =o0.

Since A is invertible, it follows that
F =0, J=0.

Substituting this back into the upper block equations
yields

H=1,, L=0.

Therefore

1 {0 G I
MC _<0K 0).

It remains to show that K has full rank. Since C' is
invertible, M,C~! has the same row rank as Mz, namely
k+myz. In the displayed block form above, the top k rows
already contribute rank k because of the identity block
in the last k£ columns. Therefore the lower block K must
contribute rank myz, i.e. K has full rank. O]

Appendix D: Further Results on the Impact of
Rollout on State Preparation Circuit Synthesis

This section gives more details on the circuit synthesis
for Pauli eigenstate preparation circuits using the roll-
out synthesis proposed in Section IIIC. As for general
state encoding circuits, we investigated the impact of
the rollout on the search. The resulting circuit metrics
and improvements can be seen in Table V for depth-
optimized state preparation circuits and Table VI for
gate-optimized circuits.

Unlike the results for encoding circuit synthesis pre-
sented in Tables IIT and IV, the simple greedy synthesis
often manages to find a circuit requiring the same number
of two-qubit gates or depth as the ones synthesized using
rollout. However, in these cases, the rollout synthesis is
often able to substantially improve the secondary objec-
tive as well. Generally, it seems that rollout has an even
more pronounced impact on the secondary optimization
objective for state preparation circuit synthesis.

Appendix E: Impact of Early Termination on the
Search

As described in Section 111 C, terminating the search
early if no single step in the search space suggests an im-
provement can speed up the synthesis significantly. Even
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TABLE V: Depth-optimized state preparation circuits for different rollout levels. G denotes two-qubit gate count, D
circuit depth, and AG / AD denote the relative improvement (%) with respect to the greedy baseline.

Greedy Rollout 1 Rollout 2
Code State G D t ET G AG D AD (t1,t2) ET G AG D AD
[[8, 3, 3]] |—|—)%k 10 5 10 vy 9 10.0 5 0.0 10,2 y 9 10.0 5 0.0
[[8, 3, 3]] |0)%k 15 6 10 vy 13 13.3 5 16.7 10,2 y 13 133 5 16.7
[[15,1, 3]] |+)%k 23 5 10 vy 24 -4.3 4 200 10,2 n 23 0.0 4 200
[[15,1, 3]] |0)%’C 22 4 10 vy 22 0.0 4 0.0 10,2 y 22 0.0 4 0.0
[[15, 3, 5]] |+>%k 48 11 20 n 41 14.6 9 182 204 vy 41 146 9 182
[[15, 3, 5]] |O)%k 57 16 100 'y 45 21.1 10 375 30,6 'y 43 246 11 31.2
[[15,7,3]] |+>%k 22 4 10 vy 22 0.0 4 0.0 10,2y 22 0.0 4 0.0
[[15,7, 3]] |0)%k 22 4 10 vy 22 0.0 4 0.0 10,2y 22 0.0 4 0.0
[[17,1,5]] |—|—>%k 23 4 10 vy 23 0.0 4 0.0 10,2 y 23 0.0 4 0.0
[[17,1,5]] |0>%k 23 4 10 vy 23 0.0 4 0.0 10,2 y 23 0.0 4 0.0
[[19,1, 5]] |+)%’k 27 5 10 vy 27 0.0 4  20.0 10,2 y 27 0.0 4 20.0
[[19,1, 5]] |0>%k 27 5 10 vy 27 0.0 4 200 10,2y 27 0.0 4 200
[[23,1,7]] |—|—>%k 63 9 20 n 54 14.3 8 11.1 50,10 n 57 9.5 7T 222
[[23,1,7]] |0>%IC 63 9 20 n 54 14.3 8§ 11.1 50,10 n 57 9.5 T 222
[[30, 6, 5]] |—|—)QLM 78 8§ 100 n 68 12.8 7 125 10,5y 69 11.5 7 125
[[30, 6, 5]] |O>%k 7 8 200 n 68 11.7 7 125 20,10 y 68 11.7 7 125
[[31,1,7]] |—|—)%k 46 5 10 vy 46 0.0 5 0.0 50,25 n 46 0.0 4 200
[[31,1,7]] |0)%k 46 5 10 vy 46 0.0 5 0.0 50,25 n 46 0.0 4 200
[[31,21, 3]] |+)%k 54 6 10 vy 52 3.7 5 16.7 10,2 y 52 3.7 5 16.7
[[31, 21, 3]] |O>%)C 54 6 10 vy 52 3.7 5 16.7 10,2 y 52 3.7 5 16.7
[[37,1,7]] |+>%k 60 5 10 vy 60 0.0 5 0.0 10,2 n 59 1.7 5 0.0
[[37,1,7]] |O)%k 60 5 10 vy 60 0.0 5 0.0 10,2 n 59 1.7 5 0.0
[[72,12,6]] |+>%k 150 11 100 =n 214 -42.7 9 182 10,2 'y 150 0.0 10 9.1
[[72,12,6]] |0)%k 150 11 100 n 223 -48.7 9 182 10,2 y 150 0.0 10 9.1
[[90, 8, 10]] |—|—>%k 150 10 20 n 147 2.0 8 200 10,5 =n 148 1.3 8 200
[[90, 8, 10]] |0>%k 151 10 40 n 147 2.6 8 20.0 10,2 n 148 2.0 8 200
[[108,8,10]] |+)%k 508 21 200 n 460 94 14 333 10,2 y 508 0.0 20 4.8
[[108, 8, 10]] |0>%k 584 24 100 n 548 6.2 15 375 204 y 584 0.0 23 4.2
[[144,12,12]] |—|—>%k 330 17 30 y 330 0.0 16 5.9 30,6 y 330 0.0 16 5.9
[[144,12,12]] |0>%’C 330 17 100 n 687 -108.2 15 11.8 10,2 'y 330 0.0 17 0.0

though no improvement is evident locally, continuing the
search might reveal potential improvements later. To in-
vestigate the impact of early termination, we compare the
quality of synthesized circuits obtained with and without
this setting across different values of ¢ and t. The results
for encoding circuit synthesis can be seen in Figures 8
and 10 when targeting two-qubit gate count as the pri-
mary optimization objective and Figures 9 and 11 when
targeting depth as the primary optimization objective.

From Figures 8 and 10, we observe that disabling early
termination often improves the synthesized circuits when
two-qubit gate count is used as the primary optimiza-
tion objective. The effect is particularly pronounced for
circuit depth, i.e., the secondary optimization objective
in this setting, whereas the improvement in the required
number of two-qubit gates is typically smaller. This find-
ing matches the expected structure of the optimization
landscape. A locally suboptimal two-qubit gate may be
reflected immediately in the gate count, while its effect

on circuit depth often becomes apparent only after an
entire layer has been completed. Since early termination
stops the search as soon as no single step yields an im-
mediate improvement in the rollout cost, these delayed
improvements in depth are easily missed.

The behavior is different when circuit depth is the pri-
mary optimization objective. In this case, disabling early
termination does not uniformly improve the result, and
for some instances it can even lead to worse outcomes, in-
cluding with respect to the primary objective; see in par-
ticular Figure 11. At first sight, this is surprising, since
disabling early termination allows each rollout to inspect
a superset of continuations. However, the rollout score is
itself only an approximate evaluation, and for £ = 2 it de-
pends on lower-level searches that may terminate early.
Consequently, a more extensive lower-level search can al-
ter the ranking of candidate moves, ultimately leading
to a worse top-level decision. Notably, this detrimental
effect is observed mainly for the two-level rollout in Fig-
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TABLE VI: Gate-optimized state preparation circuits for different rollout levels. G denotes two-qubit gate count, D

circuit depth, and AG / AD denote the relative improvement (%) with respect to the greedy baseline.

Greedy Rollout 1 Rollout 2
Code State G D t ET G AG D AD (ti,t2) ET G AG D AD
[[8, 3, 3]] |—|—)%k 9 (§ 10 vy 9 0.0 5 16.7 10,2 y 9 0.0 5 16.7
[[8, 3, 3]] |0)%k 13 11 10 n 13 0.0 6 455 204 n 11 154 8 273
[[15,1, 3]] |+)%k 23 8 10 n 23 0.0 7 125 306 n 23 0.0 5 375
[[15,1, 3]] |0)%’C 22 11 20 n 22 0.0 6 455 10,2 n 22 0.0 5 545
[[15, 3, 5]] |+>%k 47 21 50 n 34 277 13 381 30,15 n 31 340 12 429
[[15, 3, 5]] |O)%k 54 31 100 n 39 278 12 61.3 20,10 =n 36 333 13 581
[[15,7,3]] |+>%k 22 8 10 n 22 0.0 6 250 10,2 n 22 0.0 5 375
[[15,7, 3]] |0)%k 22 8 10 n 22 0.0 6 25.0 10,2 n 22 0.0 5 375
[[17,1,5]] |—|—>%k 23 7 20 n 23 0.0 5 286 20,10 n 23 0.0 4 429
[[17,1,5]] |0)%k 23 7 20 n 23 0.0 5 286 20,10 n 23 0.0 4 429
[[19,1, 5]] |+)%k 27 10 10 n 27 0.0 5 50.0 20,10 n 27 0.0 4 60.0
[[19,1, 5]] |0>%k 27 10 10 n 27 0.0 5 50.0 20,10 n 27 0.0 4 60.0
[[23,1,7]] |—|—>%k 51 22 20 n 46 98 13 409 50,25 n 45 11.8 10 545
[[23,1,7]] |0>%IC 51 22 20 n 46 9.8 13 409 50,25 n 45 11.8 10 54.5
[[30, 6, 5]] |—|—)QLM 70 28 200 n 63 10.0 12 571 20,10 =n 62 114 11 60.7
[[30, 6, 5]] |O>%k 70 17 100 n 64 8.6 11 353 40,20 n 61 129 11 353
[[31,1,7]] |—|—)%k 46 13 30 n 45 2.2 6 539 50,25 n 45 2.2 5 615
[[31,1,7]] |0)%k 46 13 30 n 45 2.2 6 539 5025 n 45 2.2 5 615
[[31,21, 3]] |+)%k 52 15 10 n 52 0.0 11 26.7 204 n 52 0.0 8 46.7
[[31, 21, 3]] |0)%’C 52 15 10 n 52 0.0 11 26.7 204 n 52 0.0 8 46.7
[[37,1,7]] |+>%k 58 13 100 n 57 1.7 8 385 50,25 n 57 1.7 6 539
[[37,1,7]] |O)%k 58 13 100 n 57 1.7 8 385 50,25 n 57 1.7 6 539
[[72,12,6]] |+>%k 150 41 40 n 150 0.0 19 53.7 30,6 n 150 0.0 15 634
[[72,12,6]] |0)%k 150 41 20 n 150 0.0 21 488 20,10 n 150 0.0 14 6538
[[90, 8, 10]] |—|—>%k 141 52 30 n 136 3.5 46 115 306 n 135 43 21 59.6
[[90, 8, 10]] |0)%k 141 23 30 n 134 5.0 22 43 30,15 n 134 5.0 21 8.7
[[108,8,10]] |+)%k 425 71 200 n 380 10.6 39 451 102 =n 378 11.1 49 31.0
[[108, 8, 10]] |0>%k 472 78 50 n 402 148 58 256 40,20 y 472 0.0 72 7.7
[[144,12,12]] |—|—>%k 330 66 40 n 330 0.0 32 515 40,20 y 330 0.0 38 424
[[144,12,12]] |0>%’C 330 63 40 n 330 00 39 381 30,15 y 330 0.0 48 2338

ure 11. Since early termination is applied at every rollout
level, there are cases in which a level-one rollout that is
locally suboptimal due to early termination nevertheless
leads to a better final decision at level two.

Overall, these findings suggest that further improve-
ments to the synthesis procedure, particularly in how the
search explores and evaluates longer-term continuations,
may yield additional gains in circuit quality.
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(b) Relative improvement in depth.

FIG. 8: Impact of early termination on encoding circuits with rollout level £ = 1 when two-qubit gate count is used
as the primary optimization objective. t; corresponds to the number of candidates for which rollout is performed at
each stage of the search. Colors indicate the relative improvement obtained by running without early termination;
positive values denote an improvement. Subfigure (a) reports the effect on two-qubit gate count and subfigure (b)
reports the effect on circuit depth.
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FIG. 9: Impact of early termination on encoding circuits with rollout level £ = 1 when depth is used as the primary
optimization objective. t; corresponds to the number of candidates for which rollout is performed at each stage of
the search. Colors indicate the relative improvement obtained by running without early termination; positive values
denote an improvement. Subfigure (a) reports the effect on two-qubit gate count, and subfigure (b) reports the effect
on circuit depth.



32

f2=f1/2
20- —_
=
<
[J]
—~
o . . i g
>
o
£
© . . Co
I S S SO S SPEPN S N &
A\ A\ A 0»\ A\ 0y '»\ 0»\ 0) A '»\ "1/\
e o e R Q R v AN ~ . >
SIS

N
o

| o
N
o
mprovement (%)

-40

—60

D P
N\ \

NG
QO N A
> > . > L
Y ARG AR
(b) Relative improvement in circuit depth.

FIG. 10: Impact of early termination on encoding circuits with rollout level ¢ = 2 when two-qubit gate count is
used as the primary optimization objective. In each subfigure, the two panels correspond to the parameter settings
to = t1/2 and to = ¢1/5, while the rows correspond to values of ¢;. Colors indicate the relative improvement obtained
by running without early termination; positive values denote an improvement. Subfigure (a) reports the effect on
two-qubit gate count, and subfigure (b) reports the effect on circuit depth.
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(b) Relative improvement in circuit depth.

FIG. 11: Impact of early termination on encoding circuits with rollout level £ = 2 when circuit depth is used as the
primary optimization objective. In each subfigure, the two panels correspond to the parameter settings to = t1/2 and
to = t1/5, while the rows correspond to values of ¢;. Colors indicate the relative improvement obtained by running
without early termination; positive values denote an improvement. Subfigure (a) reports the effect on two-qubit gate
count, and subfigure (b) reports the effect on circuit depth.
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