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—— Abstract

Railway networks are operating at their capacity limits. Modern control systems allow for shorter

train-following times on existing infrastructure, resulting in faster travel times and higher capacity.
As new degrees of freedom emerge, developing effective and flexible algorithms becomes essential
to incorporate these advancements into the planning process. Previously, a flexible method for
generating provably optimal timetables using A* search has been proposed. However, in practice,
the algorithm spends significant time exploring states that yield no new information. This work
addresses this issue and shows that transforming the state space into a (directed) tree drastically
reduces runtime and enhances scalability, particularly with respect to the number of trains. The
implementation is available open-source as part of the Munich Train Control Toolkit on GitHub
at https://github.com/cda-tum/mtct.
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1 Introduction

Sustainable transportation relies heavily on railway transportation. At the same time, railway
networks are already operating at their capacity limits.

In general, trains cannot operate on sight due to their long braking distances. Hence,
control systems have to be implemented to prevent collisions. Previous national rules have
been unified across Europe and other regions, most notably, the Furopean Train Control
System (ETCS, Europe and outside of Europe), Chinese Train Control System (CTCS,
China), Positive Train Control System (PTC, North America), and Communication Based
Train Control (CBTC, metro systems) [7, 11].

These control systems come in different variants. Modern versions (e.g., moving-block-
based) allow for shorter train-following times and, thus, increased capacity. At the same
time, train separation is no longer enforced with discrete blocks or even at discrete points,
but is continuously monitored.

Since the separation imposed by the control system significantly affects the feasible
trajectories of trains, they need to be considered when, e.g., creating timetables. Most
research on optimization problems within that context focuses on classical control systems [1].
We are only aware of limited research on modern moving-block systems for timetable
optimization and train routing [10, 6, 2, 3].

[3] proposes a flexible approach based on search algorithms such as A*, which have already
been successfully applied to various design automation tasks, e.g., in nanotechnologies [5] and
even within the railway domain [8]. Their approach can use any (possibly black-box) simulator

1 Corresponding author


mailto:stefan.engels@tum.de
https://www.cda.cit.tum.de/team/engels/ 
https://orcid.org/0000-0002-0844-586X
mailto:robert.wille@tum.de
https://www.cda.cit.tum.de/team/wille/
https://orcid.org/0000-0002-4993-7860
https://github.com/cda-tum/mtct
https://github.com/cda-tum/mtct

Time-Aware A* for Optimal Train Routing on Moving Block Systems

AC ?77""' ~_AC AC [e0) - o)
L@ L0 mm O TTD3 L@ s
(a) Classical Block Signaling (b) Moving Block Signaling

Figure 1 Schematic drawings of different signaling principles [2]

to evaluate given states. By doing so, constraints enforced by the control systems, which are
usually hard to model, do not have to be discretized, simplified, and/or approximated.

Even though [3] proposes various strategies to improve runtime, it cannot solve several
instances on the benchmark it tested. This is partially due to the search algorithm revisiting
many states it has already explored, so it does not gain any new information. In this work, we
propose adaptations to the search space that prevent such reexplorations, thereby drastically
reducing the search space. The key idea is to make the state expansion time-aware, so that
the search focuses only on the earliest pending routing decision. This reduces redundant
decisions that do not provide new information, while retaining the optimality guarantee. A
case study confirms significant runtime improvements on a benchmark set.

The remainder of this work is structured as follows. Section 2 reviews relevant background
on railway systems and search algorithms. Section 3 describes the previous approach by [3],
focusing on the details relevant to our proposed changes and explaining what structural
properties limit its scalability. Based on this, Section 4 proposes further reductions of the
search space and is the main contribution of this work. Finally, a case study (Section 5)
demonstrates significant improvements to the scalability with respect to the number of trains.
Section 6 concludes this work.

2 Background

This section provides basic concepts and definitions relevant to this work.

2.1 Train Control Principles

Because trains usually have long braking distances, control systems are required to prevent
collisions. Classically, such systems rely on predefined fixed blocks. Because those blocks
often require trackside train detection (TTD) systems, we refer to them as TTD sections. As
long as a train is anywhere within a block section, any other train has to be able to come to
a full stop before reaching that block section, even if the boundary of the section might be
far away from the actual position of the blocking train.

Modern control systems, on the other hand, no longer rely on such fixed sections. Instead,
trains are continuously separated by their absolute braking distances and trains “only” have
to be able to stop before the previous train’s exact position. Generally, this allows shorter
train following times.

» Example 1. Consider the network in Figure 1. Classically, it might be separated into 4
TTD sections. In Figure la, try is only allowed to advance to the end of TTD2, since TTD3
is occupied. By contrast, in Figure 1b, trs is allowed to advance all the way to try (possibly
minus some buffer).

2.2 Problem Formulation

In this work, we consider the task of routing trains through a part of a railway network.
Trains are released at prespecified times at the boundaries of the considered region. They
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have certain demands, i.e., which stations they have to service. However, the precise route
and timing are not yet decided. More precisely, we solve the following routing task:

» Problem 2 (Optimal Train Routing (on Moving Block Systems)). Given:
A railway network with vertices V- and (directed) edges E as described in [3, Appx. AJ.
A set T of trains, where w; denotes the weight of importance of train i € T
Demands for every train i € T consisting of:
entry node uE:L) € V together with entry time Ti(;)
St
list of stations S1,...,Sm, C E together with stopping requests, i.e., a (desired) arrival
time Tj@ and a minimal stopping time A’T;i) for every station Sj.
Task: Find a routing satisfying every train’s demand, obeying the constraints imposed by a

and initial velocity U(()i)7
(1)

€ V together with earliest exit time 7,,,, and mazimal exit velocity o

exit node u ks

moving-block control system and earliest departure times, and minimizing the (weighted) exit
times and average station delays. To trade-off station and exit delays, we add a constant
a > 0. More precisely, let tgift i), . 7t£f),i the station arrival times of a
given train i € T. The objective (to be minimized) is given by

be the exit time and tg

m;

7 % W; 7 7
S| [ =] e SO [E0 0] ) W

i€T M=
where [z], :=max (0,2) denotes the ReLU function.

Since we assume that a train is not allowed to leave the network before its earliest exit
time, Equation (1) is equal to

m;

Z wj - tfnft +a- e [t; ) - Ty( )L - Zwiﬁgu)t- (2)
ieT t=1 ieT

Since » ;7 wﬂ(g;)t is a constant, minimizing Equation (1) is equivalent to minimizing

m;
S witl +a 2 {t;i) - T;i)] : (3)
€T mi 53 +
For the remainder of the paper, we use the objective in the form presented in Equation (3).
All constraints imposed by the train control system (in our context, a moving-block
control system) must be followed. Even though we optimize in the context of a moving-block
system, some TTD sections remain on the network. For simplicity and to provide a basic
level of flank protection, we assume that all turnouts are surrounded by a classical TTD
section. On the contrary, there are usually no other TTD sections in our instances. For
the remainder of this work, we can think of TTD sections and turnouts to be somewhat
“equivalent”.

» Example 3. Consider the network depicted in Figure 2 with 5 trains and relevant braking
distances marked with gray lines. tr; and tro are on the same track segment. However, this
is fine because a moving-block control system is assumed. We only enforce classical TTD
separation at the turnouts. Because of that, try conflicts with trs, because it cannot stop
before the TTD section?, which trs already entered. On the other hand, tr, and trz are
safely separated even though a TTD section is enforced around the left turnout.

2 If try were to already be stopped, there would be no conflict.
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Figure 2 Example network

2.3 (Weighted) A* Algorithm

Let G = (S, A, ¢) be a directed and weighted graph with vertices S, arcs A, and cost ¢: A — R.
Furthermore, we are given an initial vertex sg € S and a goal set G C S. The goal is to find
a minimal cost path from sy to any vertex in G. One can also think of the vertices as states,
and the arcs as denoting possible actions or transitions with respective costs c.

A* can be used to find such minimal paths. It functions very similarly to Dijkstra;
however, instead of expanding the path with the lowest cost, it also adds a guiding heuristic
estimating the distance to a goal state, see Algorithm 1, where g denotes the currently best
known path cost from sg to s and f the cost adjusted with the guiding heuristic.

Algorithm 1 (Weighted) A*-Algorithm [4, 9]
C + 0; f(s)« oo for all s€V; g(s)+ oo for all se€V
add so to priority queue (pq); f(so)« 0
while pq is not empty:
select s¢€argmin,., f(o)
C + CU{s}
if s€§: return s together with observed path
explore all successors I'(s)
for st eI(s)—C:
add or update st to Pa
F(s7) = min{f(s7), g(s) + c(s,57) + - h(s")}
9(s™) « min{g(s™), g(s) + c(s,s7)}
return infeasible

Special focus should be placed on the choice of the guiding heuristic. If one chooses h = 0,
Algorithm 1 is basically equivalent to Dijkstra. If h never overestimates the cost of any arc
(more precisely, if h is consistent), A* is known to be optimal.

» Definition 4 (Consistent Heuristic [4]). A heuristic h is consistent if h(sy) = 0 for every
sg €G and h(s) — h(sT) < c(s,s) for every (s,sT) € A.

The heuristic can be multiplied by a factor € > 1 to get an e-approximation algorithm.
In particular, the following properties and optimality guarantees are well-known:

» Theorem 5 (c-Approximation [9]). If h is consistent, then Algorithm 1 returns a path whose
length is at most € times the minimal path length.

» Corollary 6 (Optimality [4]). If e = 1 and h is consistent, then Algorithm 1 returns a
minimal path.
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3 Previous Work

Previously, an algorithm to solve (a slightly different variant of) Problem 2 has been proposed
and implemented [3]. The main idea was that, under the arguably reasonable assumption
that trains drive as fast as possible and allowed by the control system, a solution is uniquely
defined by the following decisions:

routing, i.e., the edges used by every train,

stops, i.e., the exact stop positions within the scheduled stations, and

ordering, i.e., the order of the trains on every turnout as well as entry and exit vertices.
In that case, any simulator at hand can be used to evaluate a given solution, and A* can be
used as a heuristic search algorithm to find an optimal solution.

We summarize the key concepts proposed by [3] in the following subsections. Where
applicable, we slightly modify their results to be consistent with this paper.

3.1 State Space

The main idea was to expand routes incrementally. For this, the state space consists not
only of all valid solutions, but also of those that are only partially defined and then extended
towards fully specified solutions.

3.1.1 States

» Definition 7 (State [3, Definition 9]). A state is given by any partial solution. More
precisely, it consists of information for every traini € T :

a valid path egi)7 ey e,(fi) € E, possibly empty, starting in u
gi),. s being within the first 0 < m; < m; scheduled stations

Tt Ymy

(@)

n’
a list of positions s

S{i), e ,S(i) and

m;’

the train ordering on every TTD section as well as on entry and exit vertices.

By design, states do not need to specify paths leading to an exit vertex. If a train’s path
is not fully specified, it is assumed to travel all the way to its last specified edge and then
disappear. At the same time, a train that disappeared within the network blocks its last
vertex indefinitely, so that it cannot be overtaken by any other train. Because a train’s route
might not be fully specified, a partial solution is also not required to stop in all scheduled
stations.

» Assumption 8 (Deterministic State Value). It is assumed that train movements are uniquely
defined by the information contained in Definition 7. This can, e.g., be achieved by the
discrete-time simulator proposed in [3, Section 5]; however, any other (black-box) simulator
could be used.

The objective value is then given by

N wl m”: N i Z
9(8) =D | wi )+ U ET - 0] [= 30 60s), (4)

i€T vi=1 ieT

=9 (s)
()
v.tmi

end of edge e,(;l). Note that the average stop delay already uses the total number of scheduled

where f(li), . are the arrival times at the specified stops and tAS@) is the arrival time at the
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Figure 3 Train Ordering

stops, even if not all stops are specified yet. This simplifies the definition of a consistent
heuristic.

If a state is infeasible (for example, because two trains are blocking each other and cannot
reach their final edge), we set g(s) = co.

» Definition 9 (Goal States). The set of goal states G consists of all states which are fully
specified (i.e., for alli € T, e,(;) ) and m; = m;) and feasible (i.e., g(s) < 00).

*ends at exit Uy,

3.1.2 Transitions

Having defined the states, it is necessary to define how the search algorithm can traverse the
state space. Given any state s, a successor sT is obtained by extending the train path of
one train by one or multiple edges. For a specific train, [3] proposes different strategies for
choosing the number of edges to extend. One strategy extends by a single edge at a time;
another strategy combines edges up to the next turnout or scheduled stop.

However, more important for the remainder of this work is to understand how the train
ordering is deduced. For this, [3] assumes that whichever train chooses a certain edge first
also travels on that edge first. Since a state is generally expanded on every train, all possible
train orderings are eventually expanded.

» Example 10. Consider Figure 3 with two trains approaching a turnout from different
tracks. The left state can be expanded in two ways. One successor state is achieved by
moving tr; (middle top). By doing so, it is implied that tr; moves across the turnout first.
This state itself can be expanded by moving tra, in which case the resulting state (top right)
assumes that tro waits until try clears the turnout and then follows. On the other hand, the
left state is also expanded by moving tre. Analogously, the bottom right state is reached, in
which tr; waits for tro to clear the turnout before following.

3.1.3 Cost

Note that we define a constant cost on states only. Thus, the state transition costs used in
Algorithm 1 are only given implicitly by c(s,s) := g(s*) — g(s).

W .lo.g., assume that a single train’s path is extended by a certain number of edges. Then
every train should either travel identically to the previous state or be slower, because the
path extension might lead to further constraints that were not present in the previous state.
This motivates the following assumption, which [3] implicitly relies on:
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Figure 4 State Reexploration

» Assumption 11 (Monotonicity). Let s be a state that is created by extending state s, i.e.,
by adding further edges and/or stops to any of the trains in s. Then g™ (sT) > g (s) for
all i € T. In particular, g(sT) > g(s).

Note that Assumption 11 is not phrased as a theorem, and the justification is not a rigid
proof. In fact, depending on the driver’s strategy assumed by the simulator, this might not
be guaranteed. For example, the Greedy Train Driver Assumption in [3, Assumption 7] does
not theoretically guarantee this for all instances and states. At the same time, this did not
pose any problems in our case study, since such cases seem unlikely in practice.

3.2 Haeuristic

Given any partially defined state, an easy-to-compute guiding heuristic is needed which
estimates how far away g(s) is from an optimal goal state, i.e., h(s) ~ min,, cg g(s4) — g(s).
Obviously, the exact difference is unknown since we are currently searching for the optimal
goal state. A natural heuristic is to assume that all trains travel at maximum speed for the
remainder of their paths, without any obstacles, i.e., ignoring potential collisions with other
trains. [3, Lemma 15] shows that this heuristic is consistent under Assumption 11. Because
of this and Corollary 6, they conclude that their proposed method returns optimal solutions
to Problem 2 [3, Theorem 16, Corollary 17].

3.3 Problematic State Reexploration

Even though [3] showed that runtime could be improved by reducing the search space using
the transition strategies described in Section 3.1.2, the algorithm timed out on many of the
tested instances. Adding multiple edges at once and skipping unnecessary states improved the
runtime but did not resolve the scalability issue. A major issue with the approach presented
in [3] is that many states can be explored multiple times.

» Example 12. Consider Figure 4. The right state is expanded from the left state by moving
both trains. The algorithm will expand the search space in two ways, reaching the right
state. It could either expand try or tro first. Because both middle states are likely to be
considered by the A* search, the state on the right is explored twice. One state was explored
without any additional benefit.

Hence, we conclude that it would be desirable to use a tree as the search space, as this
would eliminate unnecessary state reexploration. Achieving this is the main contribution of
this paper and is described in Section 4.1.
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Figure 5 Time-Aware Train Selection

4 State Space Reduction

[3] shows that the presented approach using A* search works in principle and finds optimal
solutions. However, a naive implementation incurs a high computational cost. To mitigate
this, strategies for reducing the search space have been introduced that skip some unnecessary
states. This notably improves runtime. At the same time, even the best settings presented
in [3] struggle to solve instances with many trains, even if the underlying network structure
is rather simple.

This section introduces improvements to this. Recall that generating the set of successor
states consists of two steps. First, it is determined which trains are selected® to advance.
Second, for each such train, a set of possible path extensions is generated. We propose
improvements for both steps in the following subsections.

4.1 Time-Aware Train Selection

Recall Section 3.3 and that the previous approach by [3] reexplores already expanded states
because equivalent decisions are made at several parts of the state space (just in a different
order). To prevent this, we aim to make a decision as late as possible. Intuitively, we only
want to make the most pressing decision, i.e., the one for the train closest to reaching its
specified end-of-route. This makes the train selection somewhat “aware” of the simulated
timings of the current state.

For any given state, we order the trains whose paths are not yet fully specified by the
time they reach the end of their currently specified route. We only expand the path of the
train that arrives earliest. If multiple trains arrive at the same time, we make a fixed but
otherwise arbitrary? choice.

» Example 13. Consider Figure 5 with the same situation as in Example 12. Assume that
tr; needs 45s and tro needs 30s to travel across their first edge. Because the decision for try
is more pressing, it is moved first. Only after that does try arrive at its route end earliest, so
that it is expanded second. In contrast to Example 12, the right state is only explored once,
and an irrelevant intermediate state is eliminated.

For simplicity, we have decided to showcase the time-aware train selection strategy with
the single-edge path extension. However, it can naturally also be applied to any other
extension strategy presented in Section 4.2.

By ordering the trains by time as proposed in Section 4.1, we ensure that no state is
reexplored and the search space becomes a tree. However, the attentive reader might realize
that we also cut off valid goal states by doing so. In the previous approach, the train order
on a section was determined by whose path was extended onto that section first. Without an

3 The previous approach “selects” all trains whose path has not yet been fully specified.
4 In our implementation, we decide to expand trains with higher importance first.
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additional ordering rule, the order would now be determined by timing, with tracks assigned
on a first-come, first-served basis. At the same time, a train may need to wait to let an
opposing train clear a section or to let a faster train pass by. Without further refinement,
such solutions are pruned and cannot be reached by the search algorithm.

Since it is no longer possible to freely decide which train to advance next, we need to
make the ordering decision at a later time. Instead of appending a train to the end of the
ordering, we branch into all possible orderings as soon as a new train is expanded into a
TTD section. In contrast to the original non-time-aware case, it is now possible to schedule
trains ahead of trains already assigned to a track segment.

» Example 14. Consider Figure 6a with the same situation as in Example 10. Instead of
branching at the left state, try is expanded onto the shared section first because, in the initial
simulation, it arrives there earlier. After that, try is expanded onto the shared section. To
not lose any valid solution, we branch at this point, allowing tr; to either go first or second.

We can already exclude some of the orderings, though, which we do not have to expand
to. Note that for two trains following each other, a decision on their order is made the first
time they enter a shared track segment. As long as their paths do not diverge after that,
their order cannot change. Hence, we can forward this choice to later TTD sections without
the need for further branching.

» Example 15. Consider Figure 6b and assume that trg is expanded. On the right section
TTD?2, it is already decided that try travels before tro. In theory, trs could go first, second,
or third. However, since it shares the path with trs, their relative ordering compared to
TTD1 cannot change. Hence, trg cannot go last, and this variant is not generated as a
successor state.

In order to still be able to reach all goal states, we need to slightly modify the simulation
assumptions from Section 3.1.1 in two ways:
1. A train that disappeared does not block its last vertex.
2. Trains moving in opposite directions on a single track do not collide.
While these assumptions seem counterintuitive, not relaxing the simulation in these points
would cut off feasible solutions (see proof of Theorem 17). It is worth noting that these
changes do not affect the outcome of goal states, because
1. there are no trains with partial routes that disappear within the network, and
2. the train ordering on the TTD sections adjacent to a single track already prevents head-on
collisions.
In particular, the relaxed simulation affects only intermediate states that are not returned as
solutions; the simulation behavior for returned solutions remains unchanged.

» Example 16. 1. Consider the situation from Example 15, where (without the first relax-
ation) the left state in Figure 6b would be infeasible, because trs (as going first) would
prevent trp from reaching its destination. However, the state might be needed (depending
on the train’s timing) to reach two valid goal states.

2. Consider Figure 6¢c. Without the second relaxation, the left state would likely be infeasible
due to a head-on collision on the shared track. Again, it might be needed to reach the
valid goal state on the right, though. Note that due to the ordering deduction exemplified
in Example 15, no (invalid) successor state with ordering tro < try on TTD1 is created.
Because of this, the TTD ordering prevents head-on collisions in goal states without
further consideration.
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Figure 6 Time-Aware Train Ordering
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It remains to show that the defined new state space is correct (i.e., all goal states can be
reached) and prevents the undesired state reexplorations discussed in Section 3.3.

» Theorem 17. In the (time-aware) state space as defined in this section, all feasible goal
states can be reached from the initial state.

Proof. Let s, € G be any feasible goal state and let BY), .. .,B,(;,) be the TTD sections

traversed by train ¢ € T in that goal state. Further let B(()i) = “53 € V be the train’s entry

vertex and Bl(e?-s-l = u((fu)t € V be the train’s exit vertex.

Consider any prefix-state s of s¢, i.e., a partial solution (see Definition 7) where every train’s

subpath can be extended to the full path in s,. The orders on all TTD sections and boundary

vertices are inherited from s, by restriction to trains whose partial routes reach the respective
element.

Assume that s is not feasible, i.e., the simulation of s reaches a deadlock with at least one

blocked train. For a blocked train 4, choose one active obstruction n; = clear(p;, j), i.e., i is

currently blocked because another train j has not yet cleared a point, section, or vertex p;.

Since s, is feasible, all 7; have been cleared in the goal state, denote the time of clearing in

Sg by t4 (1:)-

Choose a blocked train ¢* with minimal ¢ 4(n;-), where ;- = clear(p;-, j), i.e., i* is blocked by

train j which has not cleared p;- during the simulation of state s, hence, j cannot advance.

Because trains are assumed to disappear at the end of their partial route without blocking

their last vertex indefinitely, j itself must be blocked by some train k # j° which has not yet

cleared some p;. Thus n; = clear(p,, k).

We claim that the relative order of the conflicting trains at p;- and p; is identical in s and

54. There are two cases:

1. A train can be blocked by another train because it has not cleared a given TTD section
or boundary vertex. In this case, the train order is inherited explicitly by definition.

2. A train can be blocked by another train traveling in the same direction on any intermediate
edge. Since trains cannot overtake each other on the same directed track segment, the
train order is uniquely determined by the order at the previous TTD section or boundary
vertex (which both trains have in common and already passed even in state s)°.

Since s, is feasible and the relative order is identical, j eventually clears p;- in s,. However,

because j requires p; to be clear to advance out of p;-, p; had to be cleared by k strictly

before that. Hence,

tg (n;) = tg (clear(p;, k) < t, (clear(pi-, j)) = tg (i) (5)

which is a contradiction to ¢, (7,-) being minimal.

In particular, all prefix-states of s, are valid under the modified simulation assumption for
partial states.

It remains to show that there is a path from the initial state to s, in the time-aware state space
that uses only prefix-states. Start with the initial state, which is a prefix-state of s;. Now
consider any reachable prefix-state s # s,. The time-aware train selection rule (Section 4.1)
selects exactly one train that has not yet been fully specified. Apply the path extension that

5 k =4* is possible, but the argument is independent from whether k = i* or k # i*.

6 This argument would not work for trains traveling in opposite directions, because they do not share
a common previous TTD section. If their partial routes end between two sections, their order might
not be uniquely deducible for state s. Hence, the second relaxation to the simulator described above is
crucial for the correctness of the A* search.

11
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follows the route and stop choices of this train in s, and, whenever a newly entered TTD
section creates multiple ordering branches, choose the branch matching the ordering of s,.
The resulting successor s is again a prefix-state of s,. Each such step strictly increases the
amount of specified information (at least one additional edge and, if applicable, additional
stop information), and there are only finitely many edges and scheduled stops. Hence, sg4
is finally reached, and there is a path from the initial state to s, in the time-aware state
space. <

» Theorem 18. The (time-aware) state space as defined in this section is a (directed) tree.

Proof. Assume the contrary, then there is a state s with two distinct successors s{ and s
and a state § such that in the state space there is a path from both s and s3 to 8. Since s
is only expanded on a single train’, say tr;, in the time-aware setting, s; and s can only
differ by the routing data (i.e., path, stop position, or relative train ordering on some TTD
section or boundary vertex) of try. However, this difference would not be reverted (since the
routing data is only extended and not changed in future states) and, hence, be forwarded up
to §, which is a contradiction. <

4.2 Path Extensions

[3] proposes two ways to extend paths of a given train. The basic idea is to move trains one
edge at a time. At a turnout, this leads to multiple successor states; besides that, the path
extension is unique.

» Example 19. Consider Figure 7a with a single train. Neighboring states differ by exactly
one edge. At the turnout’s vertex, two possible successors exist: the train can either turn
left or stay on the main line.

Often, the path extension is unique. Hence, it seems sensible to skip some intermediate steps
that do not add value. Recall that in [3] the train ordering is deduced by whichever train
extends on an edge first. Thus, we can safely combine multiple edges into a single transition
as long as the train ordering is the same across all added edges. On a single track, trains
cannot overtake each other. Because of this, [3] proposes to extend train routes up to the
next turnout’s TTD section.

» Example 20. Consider Figure 7b with a single train that has not entered the network yet.
First, the train can enter up to TTDI, i.e., the first turnout. It can then transition to either
move left or stay on the main line. However, the choice is directly extended up to the second
turnout (TTD2).

Looking at Example 20, it is apparent that stopping at TTDI1 is not necessary, since any
other train trying to cut in must use the edge already blocked by the considered train. If the
network consisted of additional trains, these might be moved in intermediate states before
the considered train advances. Hence, we propose to further reduce the state space. A train’s
path extension shall only end at “relevant” TTD sections, i.e., a TTD section that can be
traversed by another train without using the entry edge blocked by the current train.

» Example 21. Consider Figure 7c with the same initial state as in Example 20. Instead
of adding an intermediate state, where the train moves to the first turnout, two successor
states are generated directly, both moving to the first “relevant” turnout.

7 This did not hold for the state space introduced by [3], which caused the reexploration issue described
in Section 3.3.
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(a) Single-Edge Movement

(b) Multi-Edge Movement

(c) Relevant-TTD Movement

Figure 7 State Transitions

5 Case Study

We extend the implementation from [3] by the adaptations described in Section 4. The
proposed method is implemented in C++4 and is open-source as part of the Munich Train
Control Toolkit (MTCT), available on GitHub at https://github.com/cda-tum/mtct.
For testing, we use the benchmark from [3], which is also available in the above-mentioned
repository. It contains several network families, including instances inspired by the Munich
Stammstrecke; these instances have comparatively few routing alternatives but an increasing
number of trains. Different variants of the algorithm were tested on an Intel(R) Xeon(R)
W-1370P system with a 3.60GHz CPU (8 cores) and 128GB of RAM, running Ubuntu 20.04.
As discussed, the search variants differ in two aspects. First, they differ in the rule used
to select the next train whose path is expanded. For this, we compare the strategy from [3]
with the time-aware train selection strategy proposed in Section 4.1. In both cases, the
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Figure 8 Runtime comparison

relative train orderings are determined by that train selection rule.
For each of the two train selection strategies, we test three path extension strategies: the
two already proposed by [3] and the extension discussed in Section 4.2.
Single-FEdge: A train’s path is extended by exactly one edge at a time, see Example 19.
This strategy was originally proposed by [3].
Multi-Edge: A train’s path is extended by multiple edges at a time until arriving at the
next TTD section (usually a turnout), see also Example 20. This strategy was originally
proposed by [3].
Relevant-TTD: Similarly to Multi-Edge, however, a path extension does not end at a
section that cannot be traversed without using the edge on which the train in question
approaches it (hence, the train cannot be required to wait there for a train on a different
path), see also Example 21.

We ran all instances with a 30-minute (1800-second) timeout. The results are shown in
Figure 8. The x-axis denotes runtime in seconds and is log-based, so both easy and hard
instances can be compared in a single plot. The y-axis shows the percentage of instances that
could be solved within the given time. Hence, in general, lines to the left /top correspond
to faster algorithms. The raw data can be found in Section A and contains information on
runtimes, gaps, the number of (distinct) states simulated, and the number of states that
were reexplored.

We were able to reproduce the results reported in [3]. Consider the solid lines in Figure 8
that represent the search algorithm without the time-aware train selection proposed in
this work. Again, extending states by more than one edge at a time improved the runtime
notably. At the same time, the improvements do not allow solving significantly more instances.
Most notably, all variants described in [3] struggle to route trains on instances inspired by
the Munich Stammstrecke, even though these instances offer only a limited set of routing
choices. This indicates that the previous approach scales badly with the number of trains. In
Section A, we provide information on how many states were reexplored. In the extreme case,
approximately 58% of explored states had been seen and simulated before. This confirms
that the problem described in Section 3.3 is not only theoretical, but of practical relevance.

A significantly larger runtime improvement comes from the time-aware train selection
strategy (dashed lines) proposed in Section 4.1. On the Munich Stammstrecke instances
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mentioned above, the resulting runtimes are consistent with the limited number of routing
alternatives. An instance with 16 trains, which timed out in [3], can now be solved in
approximately 1 second. While this is an extreme case, it illustrates how strongly reexploring
states can affect performance. The same effect, though less pronounced, is also evident across
all other tested networks.

All variants discussed so far retain the same theoretical optimality guarantee under
Assumption 11 [3, Corollary 17]. Consistent with that theory, changing the strategy affected
the runtime but did not influence the objective value of the returned solution on the tested
instances.

Finally, we ran the best-performing exact strategy with higher weights ¢ € {5,10}. The
search algorithm is guided more towards goal states, and as a result, the result is no longer
guaranteed to be optimal. With this, we were able to find feasible solutions to all tested
instances within 20 seconds. Wherever the true optimum was known, we compared the
objective values. In the worst case, the objective value doubled. On the other hand, the
median increase in objective value was around 9.5% (¢ = 5) and 14% (e = 10) respectively.

6 Conclusions

In this work, we have extended an algorithm for optimal train routing based on A* [3] by
significantly reducing the state space. We conclude that the previous version frequently
expanded to states it had already explored before (Section 3.3). Because of this, an alternative
state space was proposed by introducing a time-aware train selection rule (Section 4.1). The
resulting state space is a (directed) tree, preventing undesired reexploration.

Section 5 showed that the addressed issue had a significant impact on runtimes. Across a
small benchmark set, solving times are significantly reduced while still returning solutions with
the same objective values as the corresponding exact variants and while retaining the same
conditional optimality guarantee. Moreover, the approach remains flexible, and the simulator
can (in theory) be replaced by any other simulation system satisfying Assumption 11, e.g., a
more efficient event-based simulator. Additionally, this allows easy adaptation to other and
future control systems. We provide all implementations open-source as part of the Munich
Train Control Toolkit, available on GitHub at https://github.com/cda-tum/mtct.

At the same time, we still experienced significant runtimes in some instances. Approximate
search algorithms on the proposed state space could provide further improvements, but at
the cost of losing optimality guarantees. A natural choice is to use a weighted version of A*
that gives more weight to the heuristic and, hence, pushes the algorithm towards goal states
more quickly. While this showed a clear additional improvement in efficiency, optimality is
no longer guaranteed. A more detailed discussion on this trade-off is out of scope for this
paper. Exploring suitable approximate search algorithms for the proposed state space is left
for further research.

Overall, this work shows the importance of design choices when defining a state space
used with search algorithms. One should take extra care to ensure that, in every iteration,
the algorithm extends only towards states that provide new information the search has
not revealed before. In our case (since the objective is entirely defined by the state itself,
not the transitions), the search space should be a tree. Achieving this requires making
counterintuitive design choices (Example 16), but our case study shows that this (likely)
pays off significantly.

15
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