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Abstract—Droplet-based microfluidics has become
indispensable in biomedical, pharmaceutical, and chemical
research by offering precise manipulation of fluid volumes at the
microscale. While reliable simulation of droplet propagation is
crucial for the design and optimization of such systems, it is still
a challenging task due to its strong dependence on parameters
such as the viscosity ratio, capillary number, and channel
geometry. Traditional approaches based on Computational Fluid
Dynamics (CFD) produce accurate results but are computationally
expensive. On the other hand, highly abstract simulation models
often overlook key factors, thus diminishing the variance seen
in different kinds of droplet propagation, making it hard to
simulate accurate conditions seen in devices. To bridge this gap,
we propose a new method of modeling droplet propagation in
microfluidic networks, which takes into account several key
parameters that were overlooked so far. This enables abstract
simulation of a wide range of microfluidic devices employing
droplet propagation while maintaining low computational costs.
Evaluations demonstrate that the approach predicts essential
droplet velocity behavior over a wide range of parameters. Thus,
the proposed approach lays the foundation of a cost-effective
simulation tool allowing for less design cycles while being
applicable to a wide variety of microfluidic devices.

Index Terms—Droplet microfluidics, Microfluidic simulation,
Relative velocities, Capillary number, Viscosity ratios,
Lab-on-a-chip

I. INTRODUCTION

Microfluidic technologies allow for precise fluid manipula-
tion at the micrometer scale, thus becoming an irreplaceable
tool in biomedical and pharmaceutical research [1]. Droplet-
based microfluidics is a notably versatile subdomain as it
facilitates the replication and study of biochemical processes
where immiscible droplets act as discrete reagent carriers [2]—
[5]. Some of the major applications of droplet microfluidics
include high-throughput drug screening [6], single-cell analy-
sis [7], and lab-on-a-chip diagnostics [8]-[10]. However, this
potential requires accurate simulations of droplet propagation in
microfluidic networks, which in turn enables the development
of reliable droplet-based devices.

Traditional CFD-based tools offer high accuracy but are
resource intensive and hence computationally expensive [11],
[12]. This hinders the rapid design cycles required for de-
vice development. In this context, abstract simulators emerge
as computationally inexpensive alternatives for simulation of
microfluidic devices [13]-[15]. However, these lightweight
frameworks come at the cost of accuracy. This is a major
problem in droplet-based systems where resistance and relative
velocity of the droplets vary significantly with flow conditions

and channel geometry [16]-[18]. Simplified models that ignore
these dependencies often fail to reproduce realistic droplet
behavior across different operating conditions, making the
trade-off between computational efficiency and accuracy the
primary challenge in abstract simulator design.

Despite the widespread use of rectangular microchannels
in real devices, existing analytical and abstract formulations
remain restricted to planar slits or circular capillaries. This
gap is particularly limiting because the vast majority of real
lab-on-chip platforms are constructed from rectangular soft-
lithography molds, and the cross-sectional geometry of rect-
angular channels strongly influence the film thickness, hydro-
dynamic resistance, and droplet speed.

In this work, we introduce a lightweight analytical model
that extends Bi-Poiseuille and Bretherton-type formulations
to rectangular channels via hydraulic radius approximation.
The model incorporates viscosity ratio, capillary number, and
realistic channel geometry when computing droplet resistance
and relative velocity, and is validated against a wide range
of experimental data . All expressions are closed-form and
non-iterative, preserving the computational efficiency required
for design-automation workflows while substantially improving
physical fidelity over existing abstractions.

The remainder of this paper is structured as follows: Sec-
tion II reviews the working principle of a highly abstract
microfluidic simulator, its limitations, and scopes of improve-
ment. This is followed by Section III, which introduces the
mathematical framework of the proposed model and techniques
employed to adapt it into the simulator’s architecture. Sec-
tion IV presents comparative evaluations against experimental
data reported in [19] and is followed by closing remarks in
Section V.

II. BACKGROUND AND MOTIVATION

In this section, we briefly describe the highly abstract frame-
work currently in use and its working principle, highlighting its
drawbacks and possible improvements that motivate this work.
We then review the mathematical approach employed in the
following sections.

A. Abstract Microfluidic Simulation:
State of the Art and its Limitations

Traditionally, accurate simulations of droplet-based microflu-
idic devices rely on high-fidelity CFD-based approaches. These
methods incur high computational costs as two- or three-
dimensional channel geometries are explicitly resolved. In
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Fig. 1: Droplet in a microfluidic network and analogous electric circuit.
Here, Rq is the resistance caused by the droplet, while R. represents
the channel resistance.

contrast, abstract simulators provide lightweight frameworks
that drastically reduce run times and are significantly less
resource-intensive. The underlying idea is that channels are
no longer represented by their cross-sectional geometry but
are instead reduced to one-dimensional edges. Similarly, nodes
where channels converge to or diverge from are represented as
points.

This helps in drawing an analogy between the microfluidic
network and an electric circuit, establishing a parallel between
the Hagen-Poiseuille Law

AP = Q X Ryuyid, 6]

and Ohm’s law
U = I X Rejectri, @

where the pressure difference (A P), volumetric flow rate (Q),
and fluid resistance (R j;y4q) are analogous to the voltage (U),
electric current (I), and electrical resistance (Rejectric), Tespec-
tively.

In this setup, the resistance experienced by the fluid in each
channel is modeled as a resistor placed on the corresponding
edge of the electric circuit. Droplets circulating through the
channels are also treated as individual resistors, with their
position and contribution to the overall flow updated at every
timestep as they travel through the network.

Example 1. In Fig. 1, a microfluidic network and its
corresponding one dimensional abstraction is depicted as an
electrical circuit. Each microfluidic channel is treated as a one
dimensional edge by the simulator, and each free end or point
of junction between multiple channels is a point node. The
hydrodynamic resistance of each channel is represented by a
resistor on each edge of the electrical circuit, while the droplet
is represented by a separate resistor labeled as R,.

The primary limitation of this approach is that it
oversimplifies the droplet by treating it as another resistor
added to the circuit with no consideration of factors affecting
fluid flow. In works like [19], [20], it has been observed
that the relative droplet velocity has a significant correlation
with the droplet length, and this correlation varies heavily
with changes in the relative viscosity of the fluids, capillary
number, and channel geometry. The abstract approach described
here completely overlooks these crucial parameters. Hence,
the simulations do not reflect any of the variations in droplet

propagation that are otherwise well recorded in physical
phenomena.

This shortcoming is a major roadblock when simulating
droplet flow in microfluidic networks, where multiple droplets
may be required to navigate the channel at specified intervals.
It affects the simulation of key droplet-based microfluidic ap-
plications such as digital PCR assays, single-cell analysis plat-
forms [21], or lab-on-a-chip diagnostics [8] where controlled
droplet spacing directly determines assay fidelity. Since the
current state-of-the-art does not address this gap, it highlights
the need for an abstract framework that retains the dependencies
on the different parameters as discussed earlier.

B. Review of the Mathematical Background

To address the limitations outlined above, a more comprehen-
sive representation of droplet propagation is required to serve
as the basis of the proposed abstract simulation framework.
For this, we provide a brief overview of the mathematical
approaches that describe viscous droplets flowing through con-
fined geometries which will serve as the basis for our updated
framework.

a) Historical Development: Bretherton’s classical anal-
ysis of long bubbles in tubes [22] is considered to be the
seminal text for the flow of long bubbles in confined channels.
Subsequent extensions, including the work by Aussillous and
Quéré [23] and Wong er al. [24], generalized these results to
viscous droplets and provided empirical corrections for a wide
range of capillary numbers. The formulation of Balestra et
al. [25] captures the essential dependencies of droplet resistance
and relative velocity on viscosity ratio, capillary number, and
uniform film thickness, and therefore serves as the physical
foundation for our work.

b) Key Physical Parameters: Before outlining its core
principles and motivating our extension, we summarize the key
physical parameters that play a central role in the framework
introduced in [25] as well as in our extension.

o Dynamic viscosity (\): This is the ratio of viscosities
of the fluid that constitutes the droplet (i.e., inner phase)
and the fluid that is flowing in the channel (i.e., outer or
continuous phase). It is usually represented by A and can
be expressed as

A = droplet viscosity/outer phase viscosity = p;/ o,

where p; and p, are the viscosities of the inner and
continuous phase, respectively. It is to be noted that, since
bubbles are comparably less viscous, A tends to be very
small (nearing 0) for them. However, its value rises as we
consider increasingly viscous droplets.

o Capillary number (Ca): This is a dimensionless value
that points to the comparison of the viscous forces and
the surface tension at play in fluid motion. It is defined as

Ca = pU/v,

where u, U, and -~y are the viscosity, overall fluid velocity,
and surface tension, respectively. The capillary number
determines the deformation of droplets and the thin films
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Fig. 2: Droplet Propagation in a channel. R is the radius of the
planar channel, p; and p, are the viscosities of inner and outer fluids,
respectively. Ug and U, denote the velocity of the droplet and the
overall fluid flow, respectively. The thickness of the film formed around
the droplet is denoted by H. Around the mid-section of the bubble,
H attains its lowest value, denoted by Hoo.

that form around them. It plays a substantial role in droplet
propagation as elaborated in Section IV.

o Uniform film thickness (H,): As described in [22],
when considerably long droplets flow through a capillary,
a thin layer of liquid forms around it and separates the
droplet from the channel wall. Its thickness is usually
denoted by H. Along the mid-section of the droplet, this
layer becomes a uniform thin film of thickness H., (as
shown in Fig. 2).

With these definitions in place, we discuss the mathematical
model described in [25] in a top-down fashion.

c) Working Principle and Limitations of Existing
Models: The model introduced in [25] describes droplet prop-
agation using a Bi-Poiseuille flow formulation and incorpo-
rates the effects of A\, Ca, and H.,. However, the Balestra
model applies only to planar and cylindrical channels, which
presents a critical limitation regarding channel geometry. Most
microfluidic devices, including the systems targeted by abstract
simulators, have channels with rectangular cross-sections. This
mismatch prevents direct integration of the original model into
an abstract simulation framework that must support general
microfluidic layouts.

d) Motivation for the Proposed Extension: In the fol-
lowing section, we address this gap by deriving a mathemat-
ical model that preserves these physical dependencies while
extending the formulation to rectangular channel geometries.

III. PROPOSED METHOD

This section introduces the mathematical formulation
underlying the proposed abstract model for droplet propagation
in microfluidic networks. Our objective is to derive expressions
for the droplet resistance and relative velocity that retain the
key dependencies on viscosity ratio, capillary number, and thin-
film thickness, while extending existing planar and cylindrical
formulations to rectangular channels.

A. Derivation of Proposed Model

The core challenge in adapting Bi-Poiseuille flow formu-
lations to rectangular channels is the absence of a single
geometric length scale analogous to the radius of a cylindrical
or planar slit. To overcome this, we employ the hydraulic radius
approximation, which provides an effective geometric measure
while preserving consistency with established lubrication-based
models.
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Fig. 3: Illustration of the geometric approximation used for adapting
Bi-Poiseuille flow to rectangular channels. The light grey circle shows
the true radial distance r from the channel centerline, while the nested
red and blue squares (with radii 71 and r2) represent the surrogate
square cross-sections used for approximating the outer-phase flux. The
channel boundaries at width w and height h are shown in black.

a) Geometric Setup: Consider a channel of width w and
height h through which a viscous droplet propagates. A thin
lubrication film of thickness H separates the droplet from
the channel wall. Following standard practice for non-circular
ducts, we define the hydraulic radius

_ 2xArea  2wh

~ Perimeter w+h’

The effective droplet radius is then ¥ = R — H. While this
substitution introduces geometric approximation error, prior
work [26] shows that the hydraulic radius provides an accurate
surrogate for flow calculations over a broad range of aspect
ratios. To visually summarize this geometric approximation,
Fig. 3 illustrates how circular isocontours of radial distance are
replaced by surrogate square cross-sections in the rectangular
channel.

b) Velocity Profiles: Inside and outside the droplet, flow
satisfies the Bi-Poiseuille formulation:

1 dp;
wi(r) = I di r? + Cilnr + D;, 3)
wo(r) = 202 oy 4 D, @)
4p, dz ’

where r denotes the radial distance from the channel centerline.
The constants C;, C,, D;, and D, are determined from:
o finiteness of u; at r = 0,
« continuity of velocity and tangential stress at r = 7,
« 10 axial slip at the wall in the droplet frame, i.e., u,(R) =
Ug.
Solving these constraints yields:

1 [dp; dp,
=0 Co=g (di - ;;)(R—H)Q,
and
o (2 ()
ool ) ]
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Fig. 4: Geometry of a rectangular channel in droplet propagation.

(a) A rectangular channel with width w and height h is filled with the
continuous phase represented by blue. The droplet flowing through
the channel is shown in red. (b) cross-sectional view of the channel.
R is the hydraulic radius of the channel and H denotes the thickness
of the film surrounding the droplet. The interface between the droplet
and the continuous phase lies at a distance of ¥ = R — H from the
central axis.

c) Inner-Phase Flux: In the uniform thin-film region
(H = H,), the pressure gradients equalize (dp;/dz =
dp,/dz = dp/dz), and the inner-phase flux vanishes in the
droplet frame:

Qi =0.

From this, we obtain the droplet velocity and pressure gradient
relation:

dp 8u;Uqg 5)

dz  R2—202\+1)RH. + 2\ +1)HZ '
d) Outer-Phase Flux: To approximate the flux of the
continuous phase in a rectangular channel, we integrate over a
sequence of square cross-sections with side length 2r as shown

in Fig. 3, yielding

R 7
Qo = 8/0 Uo(r) rdr — 27T/0 o (r) v dr.

This leads to

v

52 op2
Q. = 4R, [ i A(7* — 2R?)

1
D +

(6)

+ 1] — Uy [

where
D=R?—202\+1)RH,, + 2\ + 1)HZ,

e) Droplet Resistance and Relative Velocity: Using Ha-
gen—Poiseuille’s formulation, the droplet resistance becomes
8pti Ly

R2 —2(2\+1)RHw + 2\ + 1)HZ’
Assuming the outer flux satisfies Q, = 4R?(Uy — Uy), the
velocity ratio is

Us R?*(R? —2(2A + 1)RHo + (2X + 1)HZ) ®)

Us RY1+\) 4

+ (7 —4RHo + 2H2)(R*(1 + 2)) + 772 )\)

This constitutes our analytical extension that, for the first
time, enables rectangular channels—long a missing geometry
in abstract droplet simulators—to be modeled with the same
computational efficiency as classical formulations.

)

Rdroplel =

B. Computing Uniform Film Thickness H

The expressions derived above depend on the uniform film
thickness H., which determines both the hydraulic resistance
and the relative velocity of the droplet. For completeness, we
briefly summarize the model used to compute H .

For small capillary numbers, the classical Bretherton scaling
predicts

= P(\) (3Ca)*?,

but this relation is known to lose accuracy for Ca > 1073 [22].
To extend the validity range, we adopt the empirical formula-
tion introduced by Balestra et al. [25], which remains accurate
up to Ca =~ 1:

" P(\)(3Ca)?/3, Ca < 1073,
= = P(\)(3Ca)?/3

. 103<Ca<1
1+ P(VNQ(N)(BCa)2/3’ S eSS

where P(\) and Q()) are viscosity-dependent correction fac-
tors fitted to experimental data.

Integrating this film-thickness model into our rectangular-
channel formulation preserves the physical dependencies on A
and Ca, and enables accurate prediction over a substantially
broader range of flow regimes than classical asymptotic rela-
tions alone.

C. Integration into the Abstract Microfluidic Simulator

The resistance and velocity formulations derived in
Sections III- III-B are incorporated into the abstract network-
based microfluidic MMFT-simulator [27] following the stan-
dard analogy between hydraulic and electrical networks as
explained in Section II-A.

a) Channel Representation: For rectangular geometries,
each channel is assigned a steady-state hydraulic resistance.
When a droplet enters the channel, the total resistance becomes

Riotal = Rpase + Rdropletv

where Rgrople i computed from Eq. (7) using the local film
thickness H .

b) Droplet Propagation: The simulator updates droplet
positions by solving a system of linear equations expressing
conservation of volumetric flux and pressure continuity at
network junctions. At each timestep:

1) The droplet resistance is updated based on the current
film thickness and channel geometry.

2) The global network flow is recomputed using Kirchhoft-
like constraints.

3) The droplet velocity is updated from Eq. (8).

4) Droplets advance through the network, triggering events
when entering, leaving, or splitting at junctions.

This formulation allows the rectangular-channel model to be
used without increasing the computational complexity of the
underlying network solver.



c) Compatibility with Existing Simulators: A key benefit
of the proposed model is that it requires no more computational
effort than classical cylindrical or planar abstractions. All
required parameters — Raroplet, Ud /Uso, and H,—are closed-
form expressions without iterative PDE solves, making the
model directly compatible with existing abstract simulators
such as those used in droplet routing, design exploration, and
system-level verification.

By incorporating viscosity ratio, capillary number, and real-
istic rectangular geometries, the proposed model significantly
improves physical fidelity while preserving the speed advantage
necessary for large-scale design-automation workflows.

IV. EVALUATION

To evaluate the proposed model, we compare its predictions
for the droplet velocity ratio U, /U against experimental data
reported in [19] across four viscosity ratios: A = 0.3, 1, 3, and
33.2. For each case, predicted values obtained from the model
are plotted against the experimental velocity curves, followed
by the absolute error expressed as a percentage.

Our primary goal is to determine the droplet length ranges
over which the model provides reliable predictions, and how
these ranges vary with viscosity ratio and capillary number.
This provides designers with actionable guidance on when
abstract simulation remains accurate.

A. High-Level Observations

Across all viscosity ratios, the model exhibits clear “accuracy
windows” within which it maintains error below 10-20%. The
position and width of these windows shift systematically with
A and the capillary number:

o For low-viscosity droplets (A = 0.3), the model achieves
excellent agreement over a broad range of normalized
droplet lengths, with errors remaining below 10% for most
of the tested spectrum.

e For A = 1, the model is most accurate for intermediate
droplet lengths, with increasing deviations toward very
short and very long droplets.

e« For A\ = 3, the model is accurate only for very short
droplets; this is the most challenging regime. At interme-
diate viscosity ratios, the lubrication film becomes highly
sensitive to small changes in droplet length, leading to
rapid variations in H., that amplify modeling error.

o For highly viscous droplets (A = 33.2), the model again
recovers a wider range of validity, consistent with plug-
like behavior and more stable film formation.

These trends are consistent with classical film-formation behav-
ior, where smooth film variations yield accurate predictions and
sharp transitions degrade them. The observed errors stem from
flow sensitivity to capillary number and viscosity ratio, as well
as the geometric approximation inherent to the hydraulic-radius
substitution.

B. Summary of Model Accuracy

Table I summarizes the effective ranges for which the model
achieves less than 10% and less than 20% error for each
viscosity ratio. These intervals are extracted directly from the

TABLE I: Droplet length ranges (normalized) achieving < 10% and
< 20% prediction error.

A Ca Range < 10% Error | < 20% Error
03 | 107%-1072 1-25 1-30
1 10—4-10—1 ~ 10-15 1-17
10—4-101 1-3 1-5
332 | 10~4-10"1 1-6 1-8
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(5b) Error Percentage vs Droplet Length for A = 0.3.

Fig. 5: Comparison of relative droplet velocity and error percentage
with respect to droplet length when A = 0.3.

error plots (Figs. 5 - 8). This summary allows readers to quickly
identify the regimes in which the model can be used as a
reliable surrogate for more expensive CFD simulations.

C. Case-by-Case Results

1) A =0.3: Fig. 5 shows that, for A\ = 0.3, the model aligns
closely with the reference data. The error remains below 10%
for 1 < L < 25, and below 20% up to L = 30. This regime
corresponds to bubble-like droplets, where the low viscous
contrast produces smooth film variations, making the system
easier to approximate.

2) A =1: For A =1 (Fig. 6), the model remains accurate
over a narrower range. Best performance (errors below 10%) is
observed around moderate lengths (approximately L = 10-15),
while errors below 20% extend from short droplets up to
L =~ 17. For very long droplets, the error increases due to
stronger variations in film thickness and more complex interface
dynamics.

3) A = 3: The case A = 3 represents the most challenging
regime due to sharper film-thickness transitions. Good agree-
ment occurs only for very short droplets: the error stays below
10% for L < 3 and below 20% for L < 5. Beyond this
range, the model underestimates or overestimates the velocity
ratio more significantly, reflecting the increased sensitivity of
film thickness to droplet length at this intermediate viscosity
contrast.
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Fig. 6: Comparison of relative droplet velocity and error percentage
with respect to droplet length when A = 1.
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Fig. 7: Comparison of relative droplet velocity and error percentage
with respect to droplet length when A = 3.

4) A = 33.2: Interestingly, performance improves again for
highly viscous droplets (A = 33.2), as seen in Fig. 8. The
model achieves errors below 10% for L = 1-6 and below 20%
up to L = 8. In this limit, droplet behavior approaches that
of a rigid plug, and the film profile becomes more predictable,
which benefits the model.

D. Implications for Design Automation

The results above show that the proposed model provides
low-cost yet reliable predictions over well-defined droplet
length ranges that depend systematically on viscosity ratio and
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Fig. 8: Comparison of relative droplet velocity and error percentage
with respect to droplet length when A = 33.2.

capillary number. For microfluidic design automation tools, this
enables fast design-space exploration within these validated
regimes, while clearly indicating when more expensive CFD
simulations are required. In practice, a designer can use the
summary in Table I to determine whether a given configu-
ration—characterized by (A, Ca, L)—falls within an accuracy
window where the abstract simulator can be trusted for veloc-
ity prediction and, consequently, droplet timing and spacing
analysis.

V. CONCLUSION

This work presents a semi-analytical model for droplet prop-
agation in rectangular microfluidic channels. By introducing a
hydraulic-radius-based extension to existing Bi-Poiseuille and
Bretherton-type formulations, we derive closed-form expres-
sions for resistance, velocity ratio, and film thickness that cap-
ture the key physics of rectangular geometries while remaining
fully analytical and non-iterative.

Evaluation against experimental data across four viscosity
ratios confirms that the model reproduces major velocity trends
within well-defined accuracy windows, providing designers
with clear guidance on when the abstraction remains reliable
and when higher-fidelity simulation is warranted. Because the
model consists entirely of closed-form expressions, it integrates
naturally into network-based simulators without altering solver
complexity or runtime, and has been implemented into the
MMFT-simulator [27] as part of the Munich Microfluidics
Toolkit (MMFT) [28].

In summary, the proposed formulation provides the first
abstraction-ready rectangular-channel droplet model, removing
a geometric bottleneck in existing design-automation frame-
works. Future work can target transient-film modeling, auto-
mated calibration, and hybrid data-driven corrections to further
broaden applicability.
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