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• Quantum error correction is not a new idea

<latexit sha1_base64="6UpAe+EEqVtdSmhJAYZ3Oz2C2Lk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU8mKVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQENxbjL6+0tr6xuVXeruzs7u0fVA+POibNNGVtmopU9yJimOCStS23gvWUZiSJBOtGk9u5331k2vBUPtipYmFCRpLHnBLrpAAHCVHGpghjPKjWcB0vgP4SvyA1KNAaVD+DYUqzhElLBTGm72Nlw5xoy6lgs0qQGaYInZAR6zsqScJMmC9unqEzpwxRnGpX0qKF+nMiJ4kx0yRynQmxY7PqzcX/vH5m4+sw51Jllkm6XBRnArkn5wGgIdeMWjF1hFDN3a2Ijokm1LqYKi4Ef/Xlv6RzUfcb9cb9Za15U8RRhhM4hXPw4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzenN5DH</latexit>

0 7! 000
<latexit sha1_base64="PfJwy58vt1IMx/FbTqlNP+Aem78=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mIVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQEN9b3v7zS2vrG5lZ5u7Kzu7d/UD086pg005S1aSpS3YuIYYJL1rbcCtZTmpEkEqwbTW7nfveRacNT+WCnioUJGUkec0qskwIcJEQZmyKM8aBa8+v+AugvwQWpQYHWoPoZDFOaJUxaKogxfewrG+ZEW04Fm1WCzDBF6ISMWN9RSRJmwnxx8wydOWWI4lS7khYt1J8TOUmMmSaR60yIHZtVby7+5/UzG1+HOZcqs0zS5aI4E8g9OQ8ADblm1IqpI4Rq7m5FdEw0odbFVHEh4NWX/5LORR036o37y1rzpoijDCdwCueA4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzetVZDL</latexit>

1 7! 111,

• Classical redundancy 
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• Quantum error correction is not a new idea
• Classical redundancy 

<latexit sha1_base64="6UpAe+EEqVtdSmhJAYZ3Oz2C2Lk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU8mKVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQENxbjL6+0tr6xuVXeruzs7u0fVA+POibNNGVtmopU9yJimOCStS23gvWUZiSJBOtGk9u5331k2vBUPtipYmFCRpLHnBLrpAAHCVHGpghjPKjWcB0vgP4SvyA1KNAaVD+DYUqzhElLBTGm72Nlw5xoy6lgs0qQGaYInZAR6zsqScJMmC9unqEzpwxRnGpX0qKF+nMiJ4kx0yRynQmxY7PqzcX/vH5m4+sw51Jllkm6XBRnArkn5wGgIdeMWjF1hFDN3a2Ijokm1LqYKi4Ef/Xlv6RzUfcb9cb9Za15U8RRhhM4hXPw4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzenN5DH</latexit>

0 7! 000
<latexit sha1_base64="PfJwy58vt1IMx/FbTqlNP+Aem78=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mIVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQEN9b3v7zS2vrG5lZ5u7Kzu7d/UD086pg005S1aSpS3YuIYYJL1rbcCtZTmpEkEqwbTW7nfveRacNT+WCnioUJGUkec0qskwIcJEQZmyKM8aBa8+v+AugvwQWpQYHWoPoZDFOaJUxaKogxfewrG+ZEW04Fm1WCzDBF6ISMWN9RSRJmwnxx8wydOWWI4lS7khYt1J8TOUmMmSaR60yIHZtVby7+5/UzG1+HOZcqs0zS5aI4E8g9OQ8ADblm1IqpI4Rq7m5FdEw0odbFVHEh4NWX/5LORR036o37y1rzpoijDCdwCueA4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzetVZDL</latexit>

1 7! 111,
• Peres repetition code

,
<latexit sha1_base64="XTnkJRFV8XKNsrMWbkhG4aHuukk=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcuCm5cuKhgH9AZSia904ZmMkOSEcrYrRt/xY0LRdz6B+78G9N2BG09IXA4516Sc4KEM6Ud58taWFxaXlktrBXXNza3tu2d3YaKU0mhTmMey1ZAFHAmoK6Z5tBKJJAo4NAMBpdjv3kHUrFY3OphAn5EeoKFjBJtpI6N7x1PEtHj0Ln2IpIoHRvp2Jwf2S45ZWcCPE/cnJRQjlrH/vS6MU0jEJpyolTbdRLtZ0RqRjmMil6qICF0QHrQNlSQCJSfTZKM8KFRujiMpblC44n6eyMjkVLDKDCTEdF9NeuNxf+8dqrDcz9jIkk1CDp9KEw5NnHHteAuk0A1HxpCqGTmr5j2iSRUm/KKpgR3NvI8aZyU3Uq5cnNaql7kdRTQPjpAR8hFZ6iKrlAN1RFFD+gJvaBX69F6tt6s9+nogpXv7KE/sD6+ATv8mWU=</latexit>

|0iL 7! |0, 0, 0i
<latexit sha1_base64="50fu9kbyUbPtmKLpTXBCb/ySKtc=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcuCm5cuKhgH9AZSia904ZmMkOSEcrYrRt/xY0LRdz6B+78G9N2BG09IXA4516Sc4KEM6Ud58taWFxaXlktrBXXNza3tu2d3YaKU0mhTmMey1ZAFHAmoK6Z5tBKJJAo4NAMBpdjv3kHUrFY3OphAn5EeoKFjBJtpI6N711PEtHj0Ln2IpIoHRvp2Jwf2S45ZWcCPE/cnJRQjlrH/vS6MU0jEJpyolTbdRLtZ0RqRjmMil6qICF0QHrQNlSQCJSfTZKM8KFRujiMpblC44n6eyMjkVLDKDCTEdF9NeuNxf+8dqrDcz9jIkk1CDp9KEw5NnHHteAuk0A1HxpCqGTmr5j2iSRUm/KKpgR3NvI8aZyU3Uq5cnNaql7kdRTQPjpAR8hFZ6iKrlAN1RFFD+gJvaBX69F6tt6s9+nogpXv7KE/sD6+AUJFmWk=</latexit>

|1iL 7! |1, 1, 1i

<latexit sha1_base64="Nesb43eLSY/AIzKyL85Jm2/YsuU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMbCIgHzAckR9jZzyZq9vWN3Twghv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12cmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89odI8lg9mnKAf0YHkIWfUWKl+3yuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6JScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nXpM8VMiPGllCmuL2VsCFVlBmbTcGG4C2/vEqaF2WvUq7UL0vVmyyOPJzAKZyDB1dQhTuoQQMYIDzDK7w5j86L8+58LFpzTjZzDH/gfP4ApU2M1Q==</latexit>

L

Peres, Phys Rev A 32, 3266 (1985)
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• Quantum error correction is not a new idea
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0 7! 000
<latexit sha1_base64="PfJwy58vt1IMx/FbTqlNP+Aem78=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mIVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQEN9b3v7zS2vrG5lZ5u7Kzu7d/UD086pg005S1aSpS3YuIYYJL1rbcCtZTmpEkEqwbTW7nfveRacNT+WCnioUJGUkec0qskwIcJEQZmyKM8aBa8+v+AugvwQWpQYHWoPoZDFOaJUxaKogxfewrG+ZEW04Fm1WCzDBF6ISMWN9RSRJmwnxx8wydOWWI4lS7khYt1J8TOUmMmSaR60yIHZtVby7+5/UzG1+HOZcqs0zS5aI4E8g9OQ8ADblm1IqpI4Rq7m5FdEw0odbFVHEh4NWX/5LORR036o37y1rzpoijDCdwCueA4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzetVZDL</latexit>

1 7! 111,

• Encoding of                                  gives, for single bit flips

• Are orthogonal, can be discriminated without learning logical info

<latexit sha1_base64="/QTlyCJ8c4bfe0da4tHunrI/6pg=">AAACGnicbZDLSgNBEEV74ivG16hLN4NBEIQwIxJdKATcuHARwTwgE0JNp5I06ekZunuEkOQ73Pgrblwo4k7c+Dd2HgRNvNBwOVVFdd0g5kxp1/22UkvLK6tr6fXMxubW9o69u1dWUSIplmjEI1kNQCFnAkuaaY7VWCKEAcdK0L0e1SsPKBWLxL3uxVgPoS1Yi1HQBjVsb+DHivkSRJtj4/bKBx53YODOyIkfoIaBNwMNO+vm3LGcReNNTZZMVWzYn34zokmIQlMOStU8N9b1PkjNKMdhxk8UxkC70MaasQJCVPX++LShc2RI02lF0jyhnTH9PdGHUKleGJjOEHRHzddG8L9aLdGti3qfiTjRKOhkUSvhjo6cUU5Ok0mkmveMASqZ+atDOyCBapNmxoTgzZ+8aMqnOS+fy9+dZQuX0zjS5IAckmPikXNSIDekSEqEkkfyTF7Jm/VkvVjv1sekNWVNZ/bJH1lfP9ZmoVk=</latexit>

| iL = ↵|0iL + �|1iL

<latexit sha1_base64="Nesb43eLSY/AIzKyL85Jm2/YsuU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMbCIgHzAckR9jZzyZq9vWN3Twghv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12cmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89odI8lg9mnKAf0YHkIWfUWKl+3yuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6JScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nXpM8VMiPGllCmuL2VsCFVlBmbTcGG4C2/vEqaF2WvUq7UL0vVmyyOPJzAKZyDB1dQhTuoQQMYIDzDK7w5j86L8+58LFpzTjZzDH/gfP4ApU2M1Q==</latexit>

L

(no error)
(error on 1st qubit)
(error on 2nd qubit)
(error on 3rd qubit)

• Classical redundancy 

<latexit sha1_base64="XTnkJRFV8XKNsrMWbkhG4aHuukk=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcuCm5cuKhgH9AZSia904ZmMkOSEcrYrRt/xY0LRdz6B+78G9N2BG09IXA4516Sc4KEM6Ud58taWFxaXlktrBXXNza3tu2d3YaKU0mhTmMey1ZAFHAmoK6Z5tBKJJAo4NAMBpdjv3kHUrFY3OphAn5EeoKFjBJtpI6N7x1PEtHj0Ln2IpIoHRvp2Jwf2S45ZWcCPE/cnJRQjlrH/vS6MU0jEJpyolTbdRLtZ0RqRjmMil6qICF0QHrQNlSQCJSfTZKM8KFRujiMpblC44n6eyMjkVLDKDCTEdF9NeuNxf+8dqrDcz9jIkk1CDp9KEw5NnHHteAuk0A1HxpCqGTmr5j2iSRUm/KKpgR3NvI8aZyU3Uq5cnNaql7kdRTQPjpAR8hFZ6iKrlAN1RFFD+gJvaBX69F6tt6s9+nogpXv7KE/sD6+ATv8mWU=</latexit>

|0iL 7! |0, 0, 0i,
<latexit sha1_base64="50fu9kbyUbPtmKLpTXBCb/ySKtc=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcuCm5cuKhgH9AZSia904ZmMkOSEcrYrRt/xY0LRdz6B+78G9N2BG09IXA4516Sc4KEM6Ud58taWFxaXlktrBXXNza3tu2d3YaKU0mhTmMey1ZAFHAmoK6Z5tBKJJAo4NAMBpdjv3kHUrFY3OphAn5EeoKFjBJtpI6N711PEtHj0Ln2IpIoHRvp2Jwf2S45ZWcCPE/cnJRQjlrH/vS6MU0jEJpyolTbdRLtZ0RqRjmMil6qICF0QHrQNlSQCJSfTZKM8KFRujiMpblC44n6eyMjkVLDKDCTEdF9NeuNxf+8dqrDcz9jIkk1CDp9KEw5NnHHteAuk0A1HxpCqGTmr5j2iSRUm/KKpgR3NvI8aZyU3Uq5cnNaql7kdRTQPjpAR8hFZ6iKrlAN1RFFD+gJvaBX69F6tt6s9+nogpXv7KE/sD6+AUJFmWk=</latexit>

|1iL 7! |1, 1, 1i
Peres, Phys Rev A 32, 3266 (1985)

• Peres repetition code
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• Syndrome extraction: Measure          and 

• Quantum error correction is not a new idea

<latexit sha1_base64="6UpAe+EEqVtdSmhJAYZ3Oz2C2Lk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU8mKVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQENxbjL6+0tr6xuVXeruzs7u0fVA+POibNNGVtmopU9yJimOCStS23gvWUZiSJBOtGk9u5331k2vBUPtipYmFCRpLHnBLrpAAHCVHGpghjPKjWcB0vgP4SvyA1KNAaVD+DYUqzhElLBTGm72Nlw5xoy6lgs0qQGaYInZAR6zsqScJMmC9unqEzpwxRnGpX0qKF+nMiJ4kx0yRynQmxY7PqzcX/vH5m4+sw51Jllkm6XBRnArkn5wGgIdeMWjF1hFDN3a2Ijokm1LqYKi4Ef/Xlv6RzUfcb9cb9Za15U8RRhhM4hXPw4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzenN5DH</latexit>

0 7! 000
<latexit sha1_base64="PfJwy58vt1IMx/FbTqlNP+Aem78=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mIVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQEN9b3v7zS2vrG5lZ5u7Kzu7d/UD086pg005S1aSpS3YuIYYJL1rbcCtZTmpEkEqwbTW7nfveRacNT+WCnioUJGUkec0qskwIcJEQZmyKM8aBa8+v+AugvwQWpQYHWoPoZDFOaJUxaKogxfewrG+ZEW04Fm1WCzDBF6ISMWN9RSRJmwnxx8wydOWWI4lS7khYt1J8TOUmMmSaR60yIHZtVby7+5/UzG1+HOZcqs0zS5aI4E8g9OQ8ADblm1IqpI4Rq7m5FdEw0odbFVHEh4NWX/5LORR036o37y1rzpoijDCdwCueA4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzetVZDL</latexit>

1 7! 111, <latexit sha1_base64="Nesb43eLSY/AIzKyL85Jm2/YsuU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMbCIgHzAckR9jZzyZq9vWN3Twghv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12cmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89odI8lg9mnKAf0YHkIWfUWKl+3yuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6JScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nXpM8VMiPGllCmuL2VsCFVlBmbTcGG4C2/vEqaF2WvUq7UL0vVmyyOPJzAKZyDB1dQhTuoQQMYIDzDK7w5j86L8+58LFpzTjZzDH/gfP4ApU2M1Q==</latexit>

L

• Classical redundancy 

<latexit sha1_base64="mIe8w+m1RWbwwJmCU6/ikYGUW8c=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRAuLgI1lBPNBkuPY2+wlS/b2lt09IRz5ETYWitj6e+z8N26SKzTxwcDjvRlm5oWSM21c99spbGxube8Ud0t7+weHR+Xjk7ZOUkVoiyQ8Ud0Qa8qZoC3DDKddqSiOQ0474eRu7neeqNIsEY9mKqkf45FgESPYWKnTCzzUC2pBueJW3QXQOvFyUoEczaD8NRgmJI2pMIRjrfueK42fYWUY4XRWGqSaSkwmeET7lgocU+1ni3Nn6MIqQxQlypYwaKH+nshwrPU0Dm1njM1Yr3pz8T+vn5roxs+YkKmhgiwXRSlHJkHz39GQKUoMn1qCiWL2VkTGWGFibEIlG4K3+vI6adeqXr1af7iqNG7zOIpwBudwCR5cQwPuoQktIDCBZ3iFN0c6L86787FsLTj5zCn8gfP5Aw1Rjro=</latexit>

Z1Z2
<latexit sha1_base64="a9uudeEykHskrLh1XjuozFaX7uM=">AAAB7nicbVA9SwNBEJ31M8avqKXNYhCswl2UaGERsLGMYD5Ichx7m71kyd7esbsnhCM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCARXBvH+UZr6xubW9uFneLu3v7BYenouKXjVFHWpLGIVScgmgkuWdNwI1gnUYxEgWDtYHw389tPTGkey0czSZgXkaHkIafEWKnd9au461/6pbJTcebAq8TNSRlyNPzSV38Q0zRi0lBBtO65TmK8jCjDqWDTYj/VLCF0TIasZ6kkEdNeNj93is+tMsBhrGxJg+fq74mMRFpPosB2RsSM9LI3E//zeqkJb7yMyyQ1TNLFojAV2MR49jsecMWoERNLCFXc3orpiChCjU2oaENwl19eJa1qxa1Vag9X5fptHkcBTuEMLsCFa6jDPTSgCRTG8Ayv8IYS9ILe0ceidQ3lMyfwB+jzBxBdjrw=</latexit>

Z2Z3

<latexit sha1_base64="/QTlyCJ8c4bfe0da4tHunrI/6pg=">AAACGnicbZDLSgNBEEV74ivG16hLN4NBEIQwIxJdKATcuHARwTwgE0JNp5I06ekZunuEkOQ73Pgrblwo4k7c+Dd2HgRNvNBwOVVFdd0g5kxp1/22UkvLK6tr6fXMxubW9o69u1dWUSIplmjEI1kNQCFnAkuaaY7VWCKEAcdK0L0e1SsPKBWLxL3uxVgPoS1Yi1HQBjVsb+DHivkSRJtj4/bKBx53YODOyIkfoIaBNwMNO+vm3LGcReNNTZZMVWzYn34zokmIQlMOStU8N9b1PkjNKMdhxk8UxkC70MaasQJCVPX++LShc2RI02lF0jyhnTH9PdGHUKleGJjOEHRHzddG8L9aLdGti3qfiTjRKOhkUSvhjo6cUU5Ok0mkmveMASqZ+atDOyCBapNmxoTgzZ+8aMqnOS+fy9+dZQuX0zjS5IAckmPikXNSIDekSEqEkkfyTF7Jm/VkvVjv1sekNWVNZ/bJH1lfP9ZmoVk=</latexit>

| iL = ↵|0iL + �|1iL

(no error)
(error on 1st qubit)
(error on 2nd qubit)
(error on 3rd qubit)

<latexit sha1_base64="XTnkJRFV8XKNsrMWbkhG4aHuukk=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcuCm5cuKhgH9AZSia904ZmMkOSEcrYrRt/xY0LRdz6B+78G9N2BG09IXA4516Sc4KEM6Ud58taWFxaXlktrBXXNza3tu2d3YaKU0mhTmMey1ZAFHAmoK6Z5tBKJJAo4NAMBpdjv3kHUrFY3OphAn5EeoKFjBJtpI6N7x1PEtHj0Ln2IpIoHRvp2Jwf2S45ZWcCPE/cnJRQjlrH/vS6MU0jEJpyolTbdRLtZ0RqRjmMil6qICF0QHrQNlSQCJSfTZKM8KFRujiMpblC44n6eyMjkVLDKDCTEdF9NeuNxf+8dqrDcz9jIkk1CDp9KEw5NnHHteAuk0A1HxpCqGTmr5j2iSRUm/KKpgR3NvI8aZyU3Uq5cnNaql7kdRTQPjpAR8hFZ6iKrlAN1RFFD+gJvaBX69F6tt6s9+nogpXv7KE/sD6+ATv8mWU=</latexit>

|0iL 7! |0, 0, 0i,
<latexit sha1_base64="50fu9kbyUbPtmKLpTXBCb/ySKtc=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcuCm5cuKhgH9AZSia904ZmMkOSEcrYrRt/xY0LRdz6B+78G9N2BG09IXA4516Sc4KEM6Ud58taWFxaXlktrBXXNza3tu2d3YaKU0mhTmMey1ZAFHAmoK6Z5tBKJJAo4NAMBpdjv3kHUrFY3OphAn5EeoKFjBJtpI6N711PEtHj0Ln2IpIoHRvp2Jwf2S45ZWcCPE/cnJRQjlrH/vS6MU0jEJpyolTbdRLtZ0RqRjmMil6qICF0QHrQNlSQCJSfTZKM8KFRujiMpblC44n6eyMjkVLDKDCTEdF9NeuNxf+8dqrDcz9jIkk1CDp9KEw5NnHHteAuk0A1HxpCqGTmr5j2iSRUm/KKpgR3NvI8aZyU3Uq5cnNaql7kdRTQPjpAR8hFZ6iKrlAN1RFFD+gJvaBX69F6tt6s9+nogpXv7KE/sD6+AUJFmWk=</latexit>

|1iL 7! |1, 1, 1i
Peres, Phys Rev A 32, 3266 (1985)

• Peres repetition code

• Encoding of                                  gives, for single bit flips
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• Can be made full error correcting code by protecting against 
single    and   - and hence arbitrary single-qubit errors: Shor code

<latexit sha1_base64="vchAKMlfXU9HA/CqKo9GDkzcGAM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyAfOByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC6hYzj</latexit>

Z

<latexit sha1_base64="Nesb43eLSY/AIzKyL85Jm2/YsuU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMbCIgHzAckR9jZzyZq9vWN3Twghv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12cmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89odI8lg9mnKAf0YHkIWfUWKl+3yuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6JScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nXpM8VMiPGllCmuL2VsCFVlBmbTcGG4C2/vEqaF2WvUq7UL0vVmyyOPJzAKZyDB1dQhTuoQQMYIDzDK7w5j86L8+58LFpzTjZzDH/gfP4ApU2M1Q==</latexit>

L

<latexit sha1_base64="vchAKMlfXU9HA/CqKo9GDkzcGAM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyAfOByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC6hYzj</latexit>

Z
<latexit sha1_base64="Cdn2Z0SF+Bjwy2JTmk7Hs4o1qSE=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Oj0S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5odOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDZFG4K3/PIqaV1WvGql2rgq127zOApwCmdwAR5cQw3uoQ5NYIDwDK/w5jw6L86787FoXXPymRP4A+fzB7d9jOE=</latexit>

X

<latexit sha1_base64="dRR6IcvSifY5oP1bAj7jY3jxCfk="></latexit>

|0iL 7! 1

2
p
2
(|0, 0, 0i+ |1, 1, 1i)⌦ (|0, 0, 0i+ |1, 1, 1i)⌦ (|0, 0, 0i+ |1, 1, 1i)

<latexit sha1_base64="vJRJQB99GniSHoL6UwaUKRVhDbU="></latexit>

|1iL 7! 1

2
p
2
(|0, 0, 0i � |1, 1, 1i)⌦ (|0, 0, 0i � |1, 1, 1i)⌦ (|0, 0, 0i � |1, 1, 1i)

• Code words

Shor, Phys Rev A 52, R2493 (1995)
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• Can be made full error correcting code by protecting against 
single    and   - and hence arbitrary single-qubit errors: Shor code

<latexit sha1_base64="vchAKMlfXU9HA/CqKo9GDkzcGAM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyAfOByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC6hYzj</latexit>

Z

<latexit sha1_base64="Nesb43eLSY/AIzKyL85Jm2/YsuU=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMbCIgHzAckR9jZzyZq9vWN3Twghv8DGQhFbf5Kd/8ZNcoUmPhh4vDfDzLwgEVwb1/12cmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89odI8lg9mnKAf0YHkIWfUWKl+3yuW3LI7B1klXkZKkKHWK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6JScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nXpM8VMiPGllCmuL2VsCFVlBmbTcGG4C2/vEqaF2WvUq7UL0vVmyyOPJzAKZyDB1dQhTuoQQMYIDzDK7w5j86L8+58LFpzTjZzDH/gfP4ApU2M1Q==</latexit>

L

<latexit sha1_base64="vchAKMlfXU9HA/CqKo9GDkzcGAM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyAfOByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC6hYzj</latexit>

Z
<latexit sha1_base64="Cdn2Z0SF+Bjwy2JTmk7Hs4o1qSE=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Oj0S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5odOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDZFG4K3/PIqaV1WvGql2rgq127zOApwCmdwAR5cQw3uoQ5NYIDwDK/w5jw6L86787FoXXPymRP4A+fzB7d9jOE=</latexit>

X

• Protects full qubit:              code

Number of  
physical qubits

Number of  
logical qubits

Distance*

* Minimum weight of a Pauli operator to map one codeword into another)

<latexit sha1_base64="w6rkDZ+szKQSchBSMWoSalPeVhE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7KlXBQ8GLxwr2Q7ZLyaZpG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAtjzrRx3W8nt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLVDrClnkjYMM5y2Y0WxCDlthaPbqd96okqzSD6YcUwDgQeS9RnBxkqPvn9d9srnQdAtltyKOwNaJl5GSpCh3i1+dXoRSQSVhnCste+5sQlSrAwjnE4KnUTTGJMRHlDfUokF1UE6O3iCTqzSQ/1I2ZIGzdTfEykWWo9FaDsFNkO96E3F/zw/Mf2rIGUyTgyVZL6on3BkIjT9HvWYosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+T5lnFq1aq9xel2k0WRx6O4BhOwYNLqMEd1KEBBAQ8wyu8Ocp5cd6dj3lrzslmDuEPnM8fBGaPPg==</latexit>

[[9, 1, 3]]
<latexit sha1_base64="ErEYr76f0R3RFoAfSJT50Zaa/DQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgEcKdSLSwCNhYRjAfcjnC3t5esmR379jdE0LIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy9MOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrJFOEtkjCE9UNsaacSdoyzHDaTRXFIuS0E45uZ37niSrNEvlgxikNBB5IFjOCjZUefV9WR9UoCPrliltz50CrxMtJBXI0++WvXpSQTFBpCMda+56bmmCClWGE02mpl2maYjLCA+pbKrGgOpjMD56iM6tEKE6ULWnQXP09McFC67EIbafAZqiXvZn4n+dnJr4OJkymmaGSLBbFGUcmQbPvUcQUJYaPLcFEMXsrIkOsMDE2o5INwVt+eZW0L2pevVa/v6w0bvI4inACp3AOHlxBA+6gCS0gIOAZXuHNUc6L8+58LFoLTj5zDH/gfP4A+W6P3g==</latexit>

[[n, k, d]]

Shor, Phys Rev A 52, R2493 (1995)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Idea of quantum error correction

Syndrome  
extraction

Correction

Different  
errors

Quantum 
  gates

<latexit sha1_base64="d3Y+3JcjB3Wo4VUR3KJRXpuzPC4=">AAAB+XicbVA9SwNBEJ3zM8avU0ubxSBYSLgLEi0sAjaWEcwH5M6wt9kkS3b3jt29QDjyT2wsFLH1n9j5b9wkV2jig4HHezPMzIsSzrTxvG9nbX1jc2u7sFPc3ds/OHSPjps6ThWhDRLzWLUjrClnkjYMM5y2E0WxiDhtRaO7md8aU6VZLB/NJKGhwAPJ+oxgY6Wu62aBEqjHxBQFl6jyZKWSV/bmQKvEz0kJctS77lfQi0kqqDSEY607vpeYMMPKMMLptBikmiaYjPCAdiyVWFAdZvPLp+jcKj3Uj5UtadBc/T2RYaH1RES2U2Az1MveTPzP66SmfxNmTCapoZIsFvVTjkyMZjHYjxUlhk8swUQxeysiQ6wwMTasog3BX355lTQrZb9arj5clWq3eRwFOIUzuAAfrqEG91CHBhAYwzO8wpuTOS/Ou/OxaF1z8pkT+APn8wcR3ZKj</latexit>

dim2n
<latexit sha1_base64="W1oey4VPGjHHyidypZcb2NudjJo=">AAAB+XicbVA9SwNBEJ3zM8avU0ubxSBYSLgLEi0sAjaWEcwH5GLY2+wlS3b3jt29QDjyT2wsFLH1n9j5b9wkV2jig4HHezPMzAsTzrTxvG9nbX1jc2u7sFPc3ds/OHSPjps6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthaO7md8aU6VZLB/NJKFdgQeSRYxgY6We62aBEqjPxBQFl6jyNOq5Ja/szYFWiZ+TEuSo99yvoB+TVFBpCMdad3wvMd0MK8MIp9NikGqaYDLCA9qxVGJBdTebXz5F51bpoyhWtqRBc/X3RIaF1hMR2k6BzVAvezPxP6+TmuimmzGZpIZKslgUpRyZGM1isB8rSgyfWIKJYvZWRIZYYWJsWEUbgr/88ippVsp+tVx9uCrVbvM4CnAKZ3ABPlxDDe6hDg0gMIZneIU3J3NenHfnY9G65uQzJ/AHzucPDVGSoA==</latexit>

dim2k

<latexit sha1_base64="RDTRv2MWkZbOu+svLaza/gtuY+Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFII1lAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49rcbz+h0jyWD2aSoB/RoeQhZ9RYqVHrF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vpTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslcpVxrXpepdFkcezuAcLsGDG6jCPdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCXqYzM</latexit>

C
<latexit sha1_base64="7GjODVItEsjPVC0rTTX8THTPEpU=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe5EooVFII1lFPMByRH2NnPJkr29Y3dPCCH/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaCUW3mt55QaR7LRzNO0I/oQPKQM2qs9FA77xVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzK/dErOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE974Ey6T1KBki0VhKoiJyext0ucKmRFjSyhT3N5K2JAqyowNp2BD8JZfXiXNy7JXKVfur0rV2yyOPJzAKVyAB9dQhTuoQwMYhPAMr/DmjJwX5935WLTmnGzmGP7A+fwB9+yM/Q==</latexit>

C 0

<latexit sha1_base64="DFsHWjCNCrlEFCZXkw5iTbLx7PQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwCZlBBMjyRH2NnvJkv04dveEcORX2FgoYuvPsfPfuEmu0MQHA4/3ZpiZFyWcGev7315hbX1jc6u4XdrZ3ds/KB8etY1KNaEtorjSnQgbypmkLcssp51EUywiTh+i8e3Mf3ii2jAl7+0koaHAQ8liRrB10mPWI5ijxhT1yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowmx88RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW18HWZMJqmlkiwWxSlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqOSCyFYfnmVtC+qQa1au7us1G/yOIpwAqdwDgFcQR0a0IQWEBDwDK/w5mnvxXv3PhatBS+fOYY/8D5/AAWvj+U=</latexit>

H
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• First quantum error correcting codes
• Shor             code

• Steane             code

<latexit sha1_base64="w6rkDZ+szKQSchBSMWoSalPeVhE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7KlXBQ8GLxwr2Q7ZLyaZpG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAtjzrRx3W8nt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLVDrClnkjYMM5y2Y0WxCDlthaPbqd96okqzSD6YcUwDgQeS9RnBxkqPvn9d9srnQdAtltyKOwNaJl5GSpCh3i1+dXoRSQSVhnCste+5sQlSrAwjnE4KnUTTGJMRHlDfUokF1UE6O3iCTqzSQ/1I2ZIGzdTfEykWWo9FaDsFNkO96E3F/zw/Mf2rIGUyTgyVZL6on3BkIjT9HvWYosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+T5lnFq1aq9xel2k0WRx6O4BhOwYNLqMEd1KEBBAQ8wyu8Ocp5cd6dj3lrzslmDuEPnM8fBGaPPg==</latexit>

[[9, 1, 3]]

Steane, Proc R Soc Lond A 452, 2551 (1994) 

<latexit sha1_base64="+4yENkP/8Bauezm3+Z0O39WXXOs=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgEcKdSmJhEbCxjGA+5HKEvc1esmR379jdE0LIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy9MONPGdb+d3Nr6xuZWfruws7u3f1A8PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY5uZ377iSrNYvlgxgkNBB5IFjGCjZUefb9W9sqXQdArltyKOwdaJV5GSpCh0St+dfsxSQWVhnCste+5iQkmWBlGOJ0WuqmmCSYjPKC+pRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//P81ETXwYTJJDVUksWiKOXIxGj2PeozRYnhY0swUczeisgQK0yMzahgQ/CWX14lrYuKV61U769K9ZssjjycwCmcgwc1qMMdNKAJBAQ8wyu8Ocp5cd6dj0VrzslmjuEPnM8fAVKPPA==</latexit>

[[7, 1, 3]]

Shor, Phys Rev A 52, R2493 (1995)
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• Both (and actually most) are qubit Pauli stabilizer codes

• Pauli matrices               per qubit,     qubit Pauli group
<latexit sha1_base64="uint+DQd2Y1ZVb/HPNlEQib5fDE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclJKIVBcuCm50V8E+tA1lMp20QyeTMDMplNA/ceNCEbf+iTv/xkmbhbYeGDiccy/3zPFjzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kc3md8aU6lYJB70JKZeiAeCBYxgbaSebXdDrIe+n95Ny+3yY/mpZ5ecijMDWiZuTkqQo96zv7r9iCQhFZpwrFTHdWLtpVhqRjidFruJojEmIzygHUMFDqny0lnyKTo1Sh8FkTRPaDRTf2+kOFRqEvpmMsupFr1M/M/rJDq48lIm4kRTQeaHgoQjHaGsBtRnkhLNJ4ZgIpnJisgQS0y0KatoSnAXv7xMmucVt1qp3l+Uatd5HQU4hhM4AxcuoQa3UIcGEBjDM7zCm5VaL9a79TEfXbHynSP4A+vzB4AEkuo=</latexit>I, X, Y, Z <latexit sha1_base64="ildvFIJLtl53e5MB4IhUrdqqMNs=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhBsDHci0cIiYGMZxXxAcoS9zVyyZG/v2N0TwpF/YGOhiK3/yM5/4ya5QhMfDDzem2FmXpAIro3rfjsrq2vrG5uFreL2zu7efungsKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Ubz2h0jyWj2acoB/RgeQhZ9RY6UGe90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmleVLxqpXp/Wa7d5HEU4BhO4Aw8uIIa3EEdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9Cao0u</latexit>n�

• Qubit stabilizer codes are defined by a stabilizer group   , a  
group of commuting Paulis that does not contain the identity  
and is generated by                independent* generators

<latexit sha1_base64="/frUFB5g5smTuIyycrHKQ7BNsZU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1YNCwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBJphn3WSIT3Qqp4VIo7qNAyVup5jQOJW+Gw7up33zi2ohEPeIo5UFM+0pEglG0kq9v1fmwWyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk8ZFxatWqg+X5dpNHkcBjuEEzsCDK6jBPdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH1/CjmY=</latexit>

r = n� k

<latexit sha1_base64="QZGN5booDuW45npPX6b0Z/PyIY4=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FhGNB+QHGFvM5cs2ds7d/eEcORP2FgoYuvfsfPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWamddRgW5n/RKZbfizkCWiZeTMuSo90pf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9m907IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGVn3GZpAYlmy8KU0FMTKbPkz5XyIwYW0KZ4vZWwoZUUWZsREUbgrf48jJpnle8aqV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMAzvMKb8+i8OO/Ox7x1xclnjuAPnM8fvfmPxg==</latexit>

S

<latexit sha1_base64="BHocTQ+brSoG7ZGuPfnbI9fuTWM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvnA5Ah7m71kyd7esTsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YCThPsRHSoRCkbRSo9Zj1FJGtO+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/eErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms/fJQGjOUE4soUwLeythI6opQxtSyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjBQ8Ayv8OYY58V5dz4WrQUnnzmGP3A+fwBAaZCk</latexit>

Pn

• Independent in that none of them is a product of any other two up to a phase

Gottesman, PhD thesis, quant-ph/9705052 (1997) 
Calderbank, Rains, Shor, Sloane, IEEE Trans Inf Th 44, 1369 (1998) 
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• Both (and actually most) are qubit Pauli stabilizer codes

• Pauli matrices               per qubit,     qubit Pauli group
<latexit sha1_base64="uint+DQd2Y1ZVb/HPNlEQib5fDE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclJKIVBcuCm50V8E+tA1lMp20QyeTMDMplNA/ceNCEbf+iTv/xkmbhbYeGDiccy/3zPFjzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kc3md8aU6lYJB70JKZeiAeCBYxgbaSebXdDrIe+n95Ny+3yY/mpZ5ecijMDWiZuTkqQo96zv7r9iCQhFZpwrFTHdWLtpVhqRjidFruJojEmIzygHUMFDqny0lnyKTo1Sh8FkTRPaDRTf2+kOFRqEvpmMsupFr1M/M/rJDq48lIm4kRTQeaHgoQjHaGsBtRnkhLNJ4ZgIpnJisgQS0y0KatoSnAXv7xMmucVt1qp3l+Uatd5HQU4hhM4AxcuoQa3UIcGEBjDM7zCm5VaL9a79TEfXbHynSP4A+vzB4AEkuo=</latexit>I, X, Y, Z <latexit sha1_base64="ildvFIJLtl53e5MB4IhUrdqqMNs=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhBsDHci0cIiYGMZxXxAcoS9zVyyZG/v2N0TwpF/YGOhiK3/yM5/4ya5QhMfDDzem2FmXpAIro3rfjsrq2vrG5uFreL2zu7efungsKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Ubz2h0jyWj2acoB/RgeQhZ9RY6UGe90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmleVLxqpXp/Wa7d5HEU4BhO4Aw8uIIa3EEdGsAghGd4hTdn5Lw4787HvHXFyWeO4A+czx9Cao0u</latexit>n�

<latexit sha1_base64="/frUFB5g5smTuIyycrHKQ7BNsZU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1YNCwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBJphn3WSIT3Qqp4VIo7qNAyVup5jQOJW+Gw7up33zi2ohEPeIo5UFM+0pEglG0kq9v1fmwWyq7FXcGsky8nJQhR71b+ur0EpbFXCGT1Ji256YYjKlGwSSfFDuZ4SllQ9rnbUsVjbkJxrNjJ+TUKj0SJdqWQjJTf0+MaWzMKA5tZ0xxYBa9qfif184wug7GQqUZcsXmi6JMEkzI9HPSE5ozlCNLKNPC3krYgGrK0OZTtCF4iy8vk8ZFxatWqg+X5dpNHkcBjuEEzsCDK6jBPdTBBwYCnuEV3hzlvDjvzse8dcXJZ47gD5zPH1/CjmY=</latexit>

r = n� k

• Knill-Laflamme conditions: Define the normalizer          of    to be  
the set of all Pauli operators that commute with all          .  
A stabilizer code can correct a Pauli error set    if and only if

<latexit sha1_base64="QZGN5booDuW45npPX6b0Z/PyIY4=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FhGNB+QHGFvM5cs2ds7d/eEcORP2FgoYuvfsfPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWamddRgW5n/RKZbfizkCWiZeTMuSo90pf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9m907IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGVn3GZpAYlmy8KU0FMTKbPkz5XyIwYW0KZ4vZWwoZUUWZsREUbgrf48jJpnle8aqV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMAzvMKb8+i8OO/Ox7x1xclnjuAPnM8fvfmPxg==</latexit>

S

<latexit sha1_base64="YsKJMJgbl4ot29QfEip6LOatV10=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIdVMSkerCRcGNK6loL9CGMplO2qGTSZiZiCXkVdy4UMStL+LOt3HaZqGtPwx8/OcczpnfjzlT2nG+rZXVtfWNzcJWcXtnd2/fPii1VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr6f19iOVikXiQU9i6oV4KFjACNbG6tultEcwR7dZZQ732WnfLjtVZya0DG4OZcjV6NtfvUFEkpAKTThWqus6sfZSLDUjnGbFXqJojMkYD2nXoMAhVV46uz1DJ8YZoCCS5gmNZu7viRSHSk1C33SGWI/UYm1q/lfrJjq49FIm4kRTQeaLgoQjHaFpEGjAJCWaTwxgIpm5FZERlphoE1fRhOAufnkZWmdVt1at3Z2X61d5HAU4gmOogAsXUIcbaEATCDzBM7zCm5VZL9a79TFvXbHymUP4I+vzB8Zrk54=</latexit>

N (S)
<latexit sha1_base64="COpAisClC8U8Pr4dlcEV7uuNbdU=">AAAB9HicbVA9SwNBEJ31M8avqKXNYhCswp1ItLAI2FhGYj4gd4S9zV6yZG/v3N0LhCO/w8ZCEVt/jJ3/xk1yhSY+GHi8N8PMvCARXBvH+UZr6xubW9uFneLu3v7BYenouKXjVFHWpLGIVScgmgkuWdNwI1gnUYxEgWDtYHQ389tjpjSP5aOZJMyPyEDykFNirOQ3PC5x5lEicGPaK5WdijMHXiVuTsqQo94rfXn9mKYRk4YKonXXdRLjZ0QZTgWbFr1Us4TQERmwrqWSREz72fzoKT63Sh+HsbIlDZ6rvycyEmk9iQLbGREz1MveTPzP66YmvPEzLpPUMEkXi8JUYBPjWQK4zxWjRkwsIVRxeyumQ6IINTanog3BXX55lbQuK261Un24Ktdu8zgKcApncAEuXEMN7qEOTaDwBM/wCm9ojF7QO/pYtK6hfOYE/gB9/gAHa5Ge</latexit>

S 2 S

<latexit sha1_base64="BHocTQ+brSoG7ZGuPfnbI9fuTWM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvnA5Ah7m71kyd7esTsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YCThPsRHSoRCkbRSo9Zj1FJGtO+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/eErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms/fJQGjOUE4soUwLeythI6opQxtSyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjBQ8Ayv8OYY58V5dz4WrQUnnzmGP3A+fwBAaZCk</latexit>

Pn

<latexit sha1_base64="QZGN5booDuW45npPX6b0Z/PyIY4=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FhGNB+QHGFvM5cs2ds7d/eEcORP2FgoYuvfsfPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWamddRgW5n/RKZbfizkCWiZeTMuSo90pf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9m907IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGVn3GZpAYlmy8KU0FMTKbPkz5XyIwYW0KZ4vZWwoZUUWZsREUbgrf48jJpnle8aqV6d1GuXedxFOAYTuAMPLiEGtxCHRrAQMAzvMKb8+i8OO/Ox7x1xclnjuAPnM8fvfmPxg==</latexit>

S

<latexit sha1_base64="twVvz+CcSg0g+/Z7jlIN3jWO1JE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRA8eAiJ4jGAekixhdjKbDJnHMjMrhCVf4cWDIl79HG/+jZNkDxotaCiquunuihLOjPX9L6+wsrq2vlHcLG1t7+zulfcPWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofD3z249UG6bkvZ0kNBR4KFnMCLZOekBZj2CObqb9csWv+nOgvyTISQVyNPrlz95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzQ+eohOnDFCstCtp0Vz9OZFhYcxERK5TYDsyy95M/M/rpja+DDMmk9RSSRaL4pQjq9DsezRgmhLLJ45gopm7FZER1phYl1HJhRAsv/yXtM6qQa1auzuv1K/yOIpwBMdwCgFcQB1uoQFNICDgCV7g1dPes/fmvS9aC14+cwi/4H18A/8lj+I=</latexit>

E
<latexit sha1_base64="j88rUZhsINCYm+78LOQFz3cziwE="></latexit>

E†F 62 N (S) 8E,F 2 E

• Qubit stabilizer codes are defined by a stabilizer group   , a  
group of commuting Paulis that does not contain the identity  
and is generated by                independent* generators

Knill, Laflamme, Phys Rev Lett 84, 2525 (2000)
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• Toric (and surface codes): Most common topological code
• Defined on 2d lattice with qubits on edges



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Toric (and surface codes): Most common topological code
• Defined on 2d lattice with qubits on edges
• Stabilizers are are defined on the spins around each vertex   and 

plaquette   as  

<latexit sha1_base64="1wsW/r35qyRsRBKVCxLpiBb8Iqo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyAfMByRH2NpNkzd7esbsXCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgWX2DDcCGzHCmkYCGwF4/u535qg0jySj2Yaox/SoeQDzqixUn3SK5bcsrsAWSdeRkqQodYrfnX7EUtClIYJqnXHc2Pjp1QZzgTOCt1EY0zZmA6xY6mkIWo/XRw6IxdW6ZNBpGxJQxbq74mUhlpPw8B2htSM9Ko3F//zOokZ3Popl3FiULLlokEiiInI/GvS5wqZEVNLKFPc3krYiCrKjM2mYEPwVl9eJ82rslcpV+rXpepdFkcezuAcLsGDG6jCA9SgAQwQnuEV3pwn58V5dz6WrTknmzmFP3A+fwDk9Yz/</latexit>v
<latexit sha1_base64="PFEk020rWwurgKdd/LueHfOZdbg=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Ej6pbJbcecgq8TLSRly1Pulr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80On5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuiDcFbfnmVtC4rXrVSbVyVa7d5HAU4hTO4AA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0rjn5zAn8gfP5A9vdjPk=</latexit>p

<latexit sha1_base64="3amNBlFTfCTrdH34jm3sNFIk6zA=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVBcKFTcuK9gHNCFMJpN26GQmzEwKJdSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HtPmDKqtON8W0vLK6tr66WN8ubW9s6uvbffUiKTmDSxYEJ2QqQIo5w0NdWMdFJJUBIy0g4HtxO/PSRSUcEf9CglfoJ6nMYUI22kwD68CVJ4Db1UiijIqUc5HI5hJ6CBXXGqzhRwkbgFqYACjcD+8iKBs4RwjRlSqus6qfZzJDXFjIzLXqZIivAA9UjXUI4Sovx8+sEYnhglgrGQpriGU/X3RI4SpUZJaDoTpPtq3puI/3ndTMeXfk55mmnC8WxRnDGoBZzEASMqCdZsZAjCkppbIe4jibA2oZVNCO78y4ukdVZ1a9Xa/XmlflXEUQJH4BicAhdcgDq4Aw3QBBg8gmfwCt6sJ+vFerc+Zq1LVjFzAP7A+vwBF7CWBw==</latexit>

Ap =
Y

i2v

Xi

<latexit sha1_base64="pjwdixHIHL4XCTe4gOgCdCcXvJs=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEpLpQKLpxWcE+sAlhMpm0QyeTYWYilFA3/oobF4q49S/c+TdO2yy0euDC4Zx7ufeeUDCqtON8WaWFxaXllfJqZW19Y3PL3t5pqzSTmLRwylLZDZEijHLS0lQz0hWSoCRkpBMOryZ+555IRVN+q0eC+AnqcxpTjLSRAnvvMhDwAnpCplGQU49yKMbwLqCBXXVqzhTwL3ELUgUFmoH96UUpzhLCNWZIqZ7rCO3nSGqKGRlXvEwRgfAQ9UnPUI4Sovx8+sEYHholgnEqTXENp+rPiRwlSo2S0HQmSA/UvDcR//N6mY7P/JxykWnC8WxRnDGoUziJA0ZUEqzZyBCEJTW3QjxAEmFtQquYENz5l/+S9nHNrdfqNyfVxnkRRxnsgwNwBFxwChrgGjRBC2DwAJ7AC3i1Hq1n6816n7WWrGJmF/yC9fENEyGWBA==</latexit>

Bp =
Y

i2p

Zi,

• Stabilizer code means that, for all state vectors      in code space,
<latexit sha1_base64="MSXz8dlxlsAg1oEDG/8PxhW9QZA=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwUcqMSHWhUHHjsoJ9QKcMd9JMG5rJDEmmUGp/wo2/4saFIm4Fd/6N6WNhWw8Ezj3nXm7uCRLOlHacHyuzsrq2vpHdzG1t7+zu2fsHNRWnktAqiXksGwEoypmgVc00p41EUogCTutB73bs1/tUKhaLBz1IaCuCjmAhI6CN5NuFG7+PH71EMU+C6HCKr+fKglfAXhhL4Bz3fTvvFJ0J8DJxZySPZqj49rfXjkkaUaEJB6WarpPo1hCkZoTTUc5LFU2A9KBDm4YKiKhqDSdXjfCJUdrY7DZPaDxR/04MIVJqEAWmMwLdVYveWPzPa6Y6vGwNmUhSTQWZLgpTjnWMxxHhNpOUaD4wBIhk5q+YdEEC0SbInAnBXTx5mdTOim6pWLo/z5evZnFk0RE6RqfIRReojO5QBVURQU/oBb2hd+vZerU+rM9pa8aazRyiOVhfv2JJnlM=</latexit>

Av| i = | i, 8v ,
<latexit sha1_base64="mlIe5MrYj7uwNqQ3o41x38SBKlM=">AAACFXicbVDLSgMxFM34rPU16tJNsAguSpkRqS4Uim5cVrAP6AxDJs20oZlMSDJCGfsTbvwVNy4UcSu4829M21nY1gOBc8+5l5t7QsGo0o7zYy0tr6yurRc2iptb2zu79t5+UyWpxKSBE5bIdogUYZSThqaakbaQBMUhI61wcDP2Ww9EKprwez0UxI9Rj9OIYqSNFNjl60DAR08o6knEe4zAq5my7JWhFyUSMQZFYJecijMBXCRuTkogRz2wv71ugtOYcI0ZUqrjOkL7GZKaYkZGRS9VRCA8QD3SMZSjmCg/m1w1gsdG6UKz2zyu4UT9O5GhWKlhHJrOGOm+mvfG4n9eJ9XRhZ9RLlJNOJ4uilIGdQLHEcEulQRrNjQEYUnNXyHuI4mwNkEWTQju/MmLpHlacauV6t1ZqXaZx1EAh+AInAAXnIMauAV10AAYPIEX8AberWfr1fqwPqetS1Y+cwBmYH39AlDSnkg=</latexit>

Bp| i = | i, 8p

<latexit sha1_base64="6nt0W9rZr2rWYaNvMkaD89N6rys=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmA3BH2NpNkyd7esbsnhDN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvDARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNSjYJLbBpuBHYShTQKBbbD8e3Mbz+i0jyWD2aSYBDRoeQDzqixkv/kJ5r7isqhwF654lbdOcgq8XJSgRyNXvnL78csjVAaJqjWXc9NTJBRZTgTOC35qcaEsjEdYtdSSSPUQTa/eUrOrNIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gOMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU8mG4C2/vEpaF1WvVq3dX1bqN3kcRTiBUzgHD66gDnfQgCYwSOAZXuHNSZ0X5935WLQWnHzmGP7A+fwBbf+R8A==</latexit>

| i

Kitaev, Proc 3rd Int Conf Quant Comm Meas (1997) 
Kitaev, Ann Phys 321, 2 (2006)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Toric (and surface codes): Most common topological code
• Defined on 2d lattice with qubits on edges
• Stabilizers are are defined on the spins around each vertex   and 

plaquette   as  

<latexit sha1_base64="1wsW/r35qyRsRBKVCxLpiBb8Iqo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyAfMByRH2NpNkzd7esbsXCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgWX2DDcCGzHCmkYCGwF4/u535qg0jySj2Yaox/SoeQDzqixUn3SK5bcsrsAWSdeRkqQodYrfnX7EUtClIYJqnXHc2Pjp1QZzgTOCt1EY0zZmA6xY6mkIWo/XRw6IxdW6ZNBpGxJQxbq74mUhlpPw8B2htSM9Ko3F//zOokZ3Popl3FiULLlokEiiInI/GvS5wqZEVNLKFPc3krYiCrKjM2mYEPwVl9eJ82rslcpV+rXpepdFkcezuAcLsGDG6jCA9SgAQwQnuEV3pwn58V5dz6WrTknmzmFP3A+fwDk9Yz/</latexit>v
<latexit sha1_base64="PFEk020rWwurgKdd/LueHfOZdbg=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Ej6pbJbcecgq8TLSRly1Pulr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80On5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuiDcFbfnmVtC4rXrVSbVyVa7d5HAU4hTO4AA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0rjn5zAn8gfP5A9vdjPk=</latexit>p

<latexit sha1_base64="3amNBlFTfCTrdH34jm3sNFIk6zA=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVBcKFTcuK9gHNCFMJpN26GQmzEwKJdSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HtPmDKqtON8W0vLK6tr66WN8ubW9s6uvbffUiKTmDSxYEJ2QqQIo5w0NdWMdFJJUBIy0g4HtxO/PSRSUcEf9CglfoJ6nMYUI22kwD68CVJ4Db1UiijIqUc5HI5hJ6CBXXGqzhRwkbgFqYACjcD+8iKBs4RwjRlSqus6qfZzJDXFjIzLXqZIivAA9UjXUI4Sovx8+sEYnhglgrGQpriGU/X3RI4SpUZJaDoTpPtq3puI/3ndTMeXfk55mmnC8WxRnDGoBZzEASMqCdZsZAjCkppbIe4jibA2oZVNCO78y4ukdVZ1a9Xa/XmlflXEUQJH4BicAhdcgDq4Aw3QBBg8gmfwCt6sJ+vFerc+Zq1LVjFzAP7A+vwBF7CWBw==</latexit>

Ap =
Y

i2v

Xi

<latexit sha1_base64="pjwdixHIHL4XCTe4gOgCdCcXvJs=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEpLpQKLpxWcE+sAlhMpm0QyeTYWYilFA3/oobF4q49S/c+TdO2yy0euDC4Zx7ufeeUDCqtON8WaWFxaXllfJqZW19Y3PL3t5pqzSTmLRwylLZDZEijHLS0lQz0hWSoCRkpBMOryZ+555IRVN+q0eC+AnqcxpTjLSRAnvvMhDwAnpCplGQU49yKMbwLqCBXXVqzhTwL3ELUgUFmoH96UUpzhLCNWZIqZ7rCO3nSGqKGRlXvEwRgfAQ9UnPUI4Sovx8+sEYHholgnEqTXENp+rPiRwlSo2S0HQmSA/UvDcR//N6mY7P/JxykWnC8WxRnDGoUziJA0ZUEqzZyBCEJTW3QjxAEmFtQquYENz5l/+S9nHNrdfqNyfVxnkRRxnsgwNwBFxwChrgGjRBC2DwAJ7AC3i1Hq1n6816n7WWrGJmF/yC9fENEyGWBA==</latexit>

Bp =
Y

i2p

Zi,

• Stabilizer code means that, for all state vectors      in code space,
<latexit sha1_base64="MSXz8dlxlsAg1oEDG/8PxhW9QZA=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwUcqMSHWhUHHjsoJ9QKcMd9JMG5rJDEmmUGp/wo2/4saFIm4Fd/6N6WNhWw8Ezj3nXm7uCRLOlHacHyuzsrq2vpHdzG1t7+zu2fsHNRWnktAqiXksGwEoypmgVc00p41EUogCTutB73bs1/tUKhaLBz1IaCuCjmAhI6CN5NuFG7+PH71EMU+C6HCKr+fKglfAXhhL4Bz3fTvvFJ0J8DJxZySPZqj49rfXjkkaUaEJB6WarpPo1hCkZoTTUc5LFU2A9KBDm4YKiKhqDSdXjfCJUdrY7DZPaDxR/04MIVJqEAWmMwLdVYveWPzPa6Y6vGwNmUhSTQWZLgpTjnWMxxHhNpOUaD4wBIhk5q+YdEEC0SbInAnBXTx5mdTOim6pWLo/z5evZnFk0RE6RqfIRReojO5QBVURQU/oBb2hd+vZerU+rM9pa8aazRyiOVhfv2JJnlM=</latexit>

Av| i = | i, 8v ,
<latexit sha1_base64="mlIe5MrYj7uwNqQ3o41x38SBKlM=">AAACFXicbVDLSgMxFM34rPU16tJNsAguSpkRqS4Uim5cVrAP6AxDJs20oZlMSDJCGfsTbvwVNy4UcSu4829M21nY1gOBc8+5l5t7QsGo0o7zYy0tr6yurRc2iptb2zu79t5+UyWpxKSBE5bIdogUYZSThqaakbaQBMUhI61wcDP2Ww9EKprwez0UxI9Rj9OIYqSNFNjl60DAR08o6knEe4zAq5my7JWhFyUSMQZFYJecijMBXCRuTkogRz2wv71ugtOYcI0ZUqrjOkL7GZKaYkZGRS9VRCA8QD3SMZSjmCg/m1w1gsdG6UKz2zyu4UT9O5GhWKlhHJrOGOm+mvfG4n9eJ9XRhZ9RLlJNOJ4uilIGdQLHEcEulQRrNjQEYUnNXyHuI4mwNkEWTQju/MmLpHlacauV6t1ZqXaZx1EAh+AInAAXnIMauAV10AAYPIEX8AberWfr1fqwPqetS1Y+cwBmYH39AlDSnkg=</latexit>

Bp| i = | i, 8p

<latexit sha1_base64="6nt0W9rZr2rWYaNvMkaD89N6rys=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmA3BH2NpNkyd7esbsnhDN/w8ZCEVv/jJ3/xk1yhSY+GHi8N8PMvDARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNSjYJLbBpuBHYShTQKBbbD8e3Mbz+i0jyWD2aSYBDRoeQDzqixkv/kJ5r7isqhwF654lbdOcgq8XJSgRyNXvnL78csjVAaJqjWXc9NTJBRZTgTOC35qcaEsjEdYtdSSSPUQTa/eUrOrNIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gOMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU8mG4C2/vEpaF1WvVq3dX1bqN3kcRTiBUzgHD66gDnfQgCYwSOAZXuHNSZ0X5935WLQWnHzmGP7A+fwBbf+R8A==</latexit>

| i

• Logical dimension depends on topology of  
manifold and is 4-dim for torus, so that         <latexit sha1_base64="jVbE2y2cy+2JEifDTWuVJmr77B8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4UAl48RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWj2acoB/RgeQhZ9RY6WF0U+kVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzUrZq5ar9xel2nUWRx5O4BTOwYNLqMEd1KEBDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AMdxjXc=</latexit>

k = 2

• Distance         for        lattice of           qubits    
<latexit sha1_base64="USyNqyEBDqvBA/BYpsLhCbsX8SY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgeFghePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ilMOi6X05hZXVtfaO4Wdra3tndK+8ftEySacabLJGJ7gTUcCkUb6JAyTup5jQOJG8Ho5uZ337k2ohEPeA45X5MB0pEglG00n14Lfvlilt15yB/iZeTCuRo9MufvTBhWcwVMkmN6Xpuiv6EahRM8mmplxmeUjaiA961VNGYG38yP3VKTqwSkijRthSSufpzYkJjY8ZxYDtjikOz7M3E/7xuhtGlPxEqzZArtlgUZZJgQmZ/k1BozlCOLaFMC3srYUOqKUObTsmG4C2//Je0zqperVq7O6/Ur/I4inAEx3AKHlxAHW6hAU1gMIAneIFXRzrPzpvzvmgtOPnMIfyC8/ENFL6Nqg==</latexit>

d = l
<latexit sha1_base64="QAzburz8UnmFLnEAttFUigGNnAI=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmQ5Ah7m71kye7dsTsnhCO/wsZCEVt/jp3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6WIeBMFSt5JNKcqkLwdjG9nfvuJayPi6AEnCfcVHUYiFIyilR5lD4Xihsh+ueJW3TnIKvFyUoEcjX75qzeIWap4hExSY7qem6CfUY2CST4t9VLDE8rGdMi7lkbUrvGz+cFTcmaVAQljbStCMld/T2RUGTNRge1UFEdm2ZuJ/3ndFMNrPxNRkiKP2GJRmEqCMZl9TwZCc4ZyYgllWthbCRtRTRnajEo2BG/55VXSuqh6tWrt/rJSv8njKMIJnMI5eHAFdbiDBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDpzmQTw==</latexit>

l ⇥ l
<latexit sha1_base64="oisAp/UP+OR4FMqT68jpLgi29K0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0oFLx4rOC2hXYt2TTbhmaTJckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo5aWqSLUJ5JL1QmxppwJ6htmOO0kiuI45LQdjm9nfvuJKs2keDCThAYxHgoWMYKNlXxxwx9r/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJsfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qoqsgYyJJDRVksShKOTISzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1av3+otK4zuMowgmcwjl4cAkNuIMm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AFKp45Y</latexit>

n = l2

• GS of local Hamiltonians,     topological order, quantum doubles <latexit sha1_base64="0ALkZ2N3I9iUmZhygYE+VADpqFI=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki1YWLghuXFewDO0NJ0kwbmskMSUYoQ3/DjQtF3Poz7vwbM+0stPVA4HDOvdyTQxLBtXHdb2dtfWNza7u0U97d2z84rBwdd3ScKsraNBax6hGsmeCStQ03gvUSxXBEBOuSyW3ud5+Y0jyWD2aasCDCI8lDTrGxku9H2IwJyR5ng/qgUnVr7hxolXgFqUKB1qDy5Q9jmkZMGiqw1n3PTUyQYWU4FWxW9lPNEkwneMT6lkocMR1k88wzdG6VIQpjZZ80aK7+3shwpPU0InYyz6iXvVz8z+unJrwOMi6T1DBJF4fCVCATo7wANOSKUSOmlmCquM2K6BgrTI2tqWxL8Ja/vEo69ZrXqDXuL6vNm6KOEpzCGVyAB1fQhDtoQRsoJPAMr/DmpM6L8+58LEbXnGLnBP7A+fwB+aORpA==</latexit>Z2



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Toric (and surface codes): Most common topological code
• Surface codes are planar variants

Dennis, Kitaev, Landahl, Preskill, J Math Phys 43, 4452-4505 (2002)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Then came (in Dan Gottesman’s words) the “middle ages”



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• But wonderful things were found: E.g., quantum low density parity 
check (LDPC) codes: Every qubit interacts with a finite number of  

• other qubits (binary linear code with a sparse parity-check matrix)

Gottesman, Quant Inf Comp 14, 1338 (2013) 
Breuckmann, Eberhardt, PRX Quantum 2, 040101 (2021)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Now Renaissance: New ideas, experiments on QEC



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Still, overheads are insurmountably huge, 
important software problems

• Quantum processor based on 280  
reconfigurable atom arrays

• Surface codes with Google’s Willow 
chip and Mios rounds of decoding

Bluvstein et al, Nature 626, 58 (2024) Acharya et al, Nature 638, 920 (2025)

• Now Renaissance: New ideas, experiments on QEC



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

PART 2: DECODING QUANTUM ERROR 
CORRECTING CODES



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

CLASSICAL ERROR CORRECTION

• Binary linear code: E.g., again
<latexit sha1_base64="6UpAe+EEqVtdSmhJAYZ3Oz2C2Lk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU8mKVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQENxbjL6+0tr6xuVXeruzs7u0fVA+POibNNGVtmopU9yJimOCStS23gvWUZiSJBOtGk9u5331k2vBUPtipYmFCRpLHnBLrpAAHCVHGpghjPKjWcB0vgP4SvyA1KNAaVD+DYUqzhElLBTGm72Nlw5xoy6lgs0qQGaYInZAR6zsqScJMmC9unqEzpwxRnGpX0qKF+nMiJ4kx0yRynQmxY7PqzcX/vH5m4+sw51Jllkm6XBRnArkn5wGgIdeMWjF1hFDN3a2Ijokm1LqYKi4Ef/Xlv6RzUfcb9cb9Za15U8RRhhM4hXPw4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzenN5DH</latexit>

0 7! 000
<latexit sha1_base64="PfJwy58vt1IMx/FbTqlNP+Aem78=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mIVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQEN9b3v7zS2vrG5lZ5u7Kzu7d/UD086pg005S1aSpS3YuIYYJL1rbcCtZTmpEkEqwbTW7nfveRacNT+WCnioUJGUkec0qskwIcJEQZmyKM8aBa8+v+AugvwQWpQYHWoPoZDFOaJUxaKogxfewrG+ZEW04Fm1WCzDBF6ISMWN9RSRJmwnxx8wydOWWI4lS7khYt1J8TOUmMmSaR60yIHZtVby7+5/UzG1+HOZcqs0zS5aI4E8g9OQ8ADblm1IqpI4Rq7m5FdEw0odbFVHEh4NWX/5LORR036o37y1rzpoijDCdwCueA4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzetVZDL</latexit>

1 7! 111

• Parity check matrix: Codewords are its null spaces, e.g., 
 
 
 
(generator matrix of dual code)

<latexit sha1_base64="B+35aOFDf2+WIiWN3qUrSN3Q0jU="></latexit>

H =

✓
1 1 0
0 1 1

◆

• Errors are detected by syndromes

<latexit sha1_base64="sJGF2BJh58BXoXyhcHzHQARTXgQ=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3aDRAuFgE3KCHlBXszOTpIhszvLzF0xLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfd4keAaHOfbWlvf2NzaTu2kd/f2Dw7to+O6lrGirEalkKrpEc0ED1kNOAjWjBQjgSdYwxvdTv3GPVOay7AK44h1AjIIeZ9TAkbq2Rlcxm3qS8C0W8VtYA+QBNKf4AK+wTnHOe9We3bWyTsz4FXiLkgWLVDp2V9tX9I4YCFQQbRuuU4EnYQo4FSwSbodaxYROiID1jI0JAHTnWT2ywSfGcXHfalMheaqqfp7IiGB1uPAM50BgaFe9qbif14rhv5VJ+FhFAML6XxRPxYYJJ4Gg32uGAUxNoRQxc2tmA6JIhRMfGkTgrv88iqpF/JuMV+8u8iWrhdxpNApyqAcctElKqEyqqAaougRPaNX9GY9WS/Wu/Uxb12zFjMn6A+szx/15Jhy</latexit>

H · cTmod2 = (00)T

<latexit sha1_base64="hga4mHcQPg1fqsTt1ZtDDtWKeqU=">AAACD3icbZC7SgNBFIZn4y3G26qlzWBQYhN2g0QLhYBNygi5QRLD7OwkGTK7s8ycFcOSN7DxVWwsFLG1tfNtnFwKTfxh4Oc753Dm/F4kuAbH+bZSK6tr6xvpzczW9s7unr1/UNcyVpTVqBRSNT2imeAhqwEHwZqRYiTwBGt4w5tJvXHPlOYyrMIoYp2A9EPe45SAQV37FJdxm/oScM5x3LO7Km4De4AkkP4YF/C1wRPatbNO3pkKLxt3brJorkrX/mr7ksYBC4EKonXLdSLoJEQBp4KNM+1Ys4jQIemzlrEhCZjuJNN7xvjEEB/3pDIvBDylvycSEmg9CjzTGRAY6MXaBP5Xa8XQu+wkPIxiYCGdLerFAoPEk3CwzxWjIEbGEKq4+SumA6IIBRNhxoTgLp68bOqFvFvMF2/Ps6WreRxpdISOUQ656AKVUBlVUA1R9Iie0St6s56sF+vd+pi1pqz5zCH6I+vzB2WGmRo=</latexit>

H · (001)Tmod2 = (01)T



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

TANNER GRAPHS

• Binary linear code: E.g., again
<latexit sha1_base64="6UpAe+EEqVtdSmhJAYZ3Oz2C2Lk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU8mKVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQENxbjL6+0tr6xuVXeruzs7u0fVA+POibNNGVtmopU9yJimOCStS23gvWUZiSJBOtGk9u5331k2vBUPtipYmFCRpLHnBLrpAAHCVHGpghjPKjWcB0vgP4SvyA1KNAaVD+DYUqzhElLBTGm72Nlw5xoy6lgs0qQGaYInZAR6zsqScJMmC9unqEzpwxRnGpX0qKF+nMiJ4kx0yRynQmxY7PqzcX/vH5m4+sw51Jllkm6XBRnArkn5wGgIdeMWjF1hFDN3a2Ijokm1LqYKi4Ef/Xlv6RzUfcb9cb9Za15U8RRhhM4hXPw4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzenN5DH</latexit>

0 7! 000
<latexit sha1_base64="PfJwy58vt1IMx/FbTqlNP+Aem78=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mIVA8eCl48VrAf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqQEN9b3v7zS2vrG5lZ5u7Kzu7d/UD086pg005S1aSpS3YuIYYJL1rbcCtZTmpEkEqwbTW7nfveRacNT+WCnioUJGUkec0qskwIcJEQZmyKM8aBa8+v+AugvwQWpQYHWoPoZDFOaJUxaKogxfewrG+ZEW04Fm1WCzDBF6ISMWN9RSRJmwnxx8wydOWWI4lS7khYt1J8TOUmMmSaR60yIHZtVby7+5/UzG1+HOZcqs0zS5aI4E8g9OQ8ADblm1IqpI4Rq7m5FdEw0odbFVHEh4NWX/5LORR036o37y1rzpoijDCdwCueA4QqacActaAMFBU/wAq9e5j17b977srXkFTPH8AvexzetVZDL</latexit>

1 7! 111

• Parity check matrix: Codewords are its null spaces, e.g., 
 
 
 
(generator matrix of dual code)

<latexit sha1_base64="B+35aOFDf2+WIiWN3qUrSN3Q0jU="></latexit>

H =

✓
1 1 0
0 1 1

◆

• Errors are detected by syndromes

<latexit sha1_base64="sJGF2BJh58BXoXyhcHzHQARTXgQ=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3aDRAuFgE3KCHlBXszOTpIhszvLzF0xLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfd4keAaHOfbWlvf2NzaTu2kd/f2Dw7to+O6lrGirEalkKrpEc0ED1kNOAjWjBQjgSdYwxvdTv3GPVOay7AK44h1AjIIeZ9TAkbq2Rlcxm3qS8C0W8VtYA+QBNKf4AK+wTnHOe9We3bWyTsz4FXiLkgWLVDp2V9tX9I4YCFQQbRuuU4EnYQo4FSwSbodaxYROiID1jI0JAHTnWT2ywSfGcXHfalMheaqqfp7IiGB1uPAM50BgaFe9qbif14rhv5VJ+FhFAML6XxRPxYYJJ4Gg32uGAUxNoRQxc2tmA6JIhRMfGkTgrv88iqpF/JuMV+8u8iWrhdxpNApyqAcctElKqEyqqAaougRPaNX9GY9WS/Wu/Uxb12zFjMn6A+szx/15Jhy</latexit>

H · cTmod2 = (00)T • Tanner graph: Provides equivalent 
representation of parity check matrix

Bits

Checks

<latexit sha1_base64="hga4mHcQPg1fqsTt1ZtDDtWKeqU=">AAACD3icbZC7SgNBFIZn4y3G26qlzWBQYhN2g0QLhYBNygi5QRLD7OwkGTK7s8ycFcOSN7DxVWwsFLG1tfNtnFwKTfxh4Oc753Dm/F4kuAbH+bZSK6tr6xvpzczW9s7unr1/UNcyVpTVqBRSNT2imeAhqwEHwZqRYiTwBGt4w5tJvXHPlOYyrMIoYp2A9EPe45SAQV37FJdxm/oScM5x3LO7Km4De4AkkP4YF/C1wRPatbNO3pkKLxt3brJorkrX/mr7ksYBC4EKonXLdSLoJEQBp4KNM+1Ys4jQIemzlrEhCZjuJNN7xvjEEB/3pDIvBDylvycSEmg9CjzTGRAY6MXaBP5Xa8XQu+wkPIxiYCGdLerFAoPEk3CwzxWjIEbGEKq4+SumA6IIBRNhxoTgLp68bOqFvFvMF2/Ps6WreRxpdISOUQ656AKVUBlVUA1R9Iie0St6s56sF+vd+pi1pqz5zCH6I+vzB2WGmRo=</latexit>

H · (001)Tmod2 = (01)T
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CLASSICAL DECODING PROBLEM

• Syndrome equation

• Decoding problem: Find most likely value

1 1 0

<latexit sha1_base64="GREs4MFn6VikfkEZu6csJI53ui8=">AAACBHicbVA9SwNBEN3zM8avqGWaxSBYSLgLohYKgk3KCCYRciHs7U2SJXu3x+6cGI4UNv4VGwtFbP0Rdv4bNx+FRh8MPN6bYWZekEhh0HW/nIXFpeWV1dxafn1jc2u7sLPbMCrVHOpcSaVvA2ZAihjqKFDCbaKBRYGEZjC4GvvNO9BGqPgGhwm0I9aLRVdwhlbqFIrmglZ9HiqkQP0j6iPcYxapcEQrnULJLbsT0L/Em5ESmaHWKXz6oeJpBDFyyYxpeW6C7YxpFFzCKO+nBhLGB6wHLUtjFoFpZ5MnRvTAKiHtKm0rRjpRf05kLDJmGAW2M2LYN/PeWPzPa6XYPWtnIk5ShJhPF3VTSVHRcSI0FBo4yqEljGthb6W8zzTjaHPL2xC8+Zf/kkal7J2UT66PS5fnszhypEj2ySHxyCm5JFVSI3XCyQN5Ii/k1Xl0np03533auuDMZvbILzgf36XDltQ=</latexit>

s = H · emod2

<latexit sha1_base64="5lQLXfuS+Sx6xB7o2Ow6QrKvqV4=">AAACC3icbVA9SwNBEN2L3/Hr1NJmMQjahDuRaKEQsLFQiGBMIAnH3mYSl+zeHbtzknCmt/Gv2FgoYusfsPPfuIkp/How8HhvZnfmhYkUBj3vw8lNTc/Mzs0v5BeXlldW3bX1KxOnmkOVxzLW9ZAZkCKCKgqUUE80MBVKqIW9k5FfuwFtRBxd4iCBlmLdSHQEZ2ilwN2CIGtqRc/Phse0idDHjOmuYv1hALSyA7dmN3ALXtEbg/4l/oQUyASVwH1vtmOeKoiQS2ZMw/cSbNl3UXAJw3wzNZAw3mNdaFgaMQWmlY1vGdJtq7RpJ9a2IqRj9ftExpQxAxXaTsXw2vz2RuJ/XiPFzmErE1GSIkT866NOKinGdBQMbQsNHOXAEsa1sLtSfs0042jjy9sQ/N8n/yVXe0W/VCxd7BfKR5M45skm2SI7xCcHpExOSYVUCSd35IE8kWfn3nl0XpzXr9acM5nZID/gvH0CNEWagw==</latexit>

eML = argmaxeP (e|s)

• Decoding: Lookup, minimum weight perfect matching, belief propagation
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• Calderbank-Shor-Steane (CSS) codes: Defined by two classical 
binary codes

QUANTUM CSS CODES

<latexit sha1_base64="JkXAsduIfyx5ZRZk9jCm2ahiXMI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwCZlRGMCyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NHEqWa8xWIZ605ADZdC8RYKlLyTaE6jQPJ2ML6d+e0nro2I1QNOEu5HdKhEKBhFK903+p1+ueJW3TnIKvFyUoEczX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6vk8aLq1aq1u8tK/SaPowgncArn4MEV1KEBTWgBgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8f/2GNnA==</latexit>

HX

<latexit sha1_base64="u26iOp0GuLSTIrAC2PWeY923WGU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwCZlRPOByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5nfuuJayNi9YDjhPsRHSgRCkbRSve13mOvWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5qdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J47U+ESlLkii0WhakkGJPZ36QvNGcox5ZQpoW9lbAh1ZShTadgQ/CWX14lzYuyVylX7i5L1ZssjjycwCmcgwdXUIUa1KEBDAbwDK/w5kjnxXl3PhatOSebOYY/cD5/AAJ4jZ4=</latexit>

HZ

•      : detects phase-flip errors (Z-errors)

•      : detects bit-flip errors (X-errors)

• Example: Steane             code (aka          color code), both 
<latexit sha1_base64="+4yENkP/8Bauezm3+Z0O39WXXOs=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgEcKdSmJhEbCxjGA+5HKEvc1esmR379jdE0LIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy9MONPGdb+d3Nr6xuZWfruws7u3f1A8PGrpOFWENknMY9UJsaacSdo0zHDaSRTFIuS0HY5uZ377iSrNYvlgxgkNBB5IFjGCjZUefb9W9sqXQdArltyKOwdaJV5GSpCh0St+dfsxSQWVhnCste+5iQkmWBlGOJ0WuqmmCSYjPKC+pRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//P81ETXwYTJJDVUksWiKOXIxGj2PeozRYnhY0swUczeisgQK0yMzahgQ/CWX14lrYuKV61U769K9ZssjjycwCmcgwc1qMMdNKAJBAQ8wyu8Ocp5cd6dj0VrzslmjuEPnM8fAVKPPA==</latexit>

[[7, 1, 3]]
<latexit sha1_base64="AP5ags3Ml62YuSdNy+z2STQnVJ0=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVqR4UCl48VrQf0C4lm822odlkSbJCWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlqghtEsml6gRYU84EbRpmOO0kiuI44LQdjG6nfvuJKs2keDTjhPoxHggWMYKNlR7Cm/N+ueJW3RnQMvFyUoEcjX75qxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZqdO0IlVQhRJZUsYNFN/T2Q41nocB7YzxmaoF72p+J/XTU105WdMJKmhgswXRSlHRqLp3yhkihLDx5Zgopi9FZEhVpgYm07JhuAtvrxMWmdVr1at3V9U6td5HEU4gmM4BQ8uoQ530IAmEBjAM7zCm8OdF+fd+Zi3Fpx85hD+wPn8Ab5LjXE=</latexit>

d = 3

Calderbank, Shor, Phys Rev A 54, 1098 (1996) 
Steane, Proc R Soc Lond A 452, 2551 (1994) 

<latexit sha1_base64="/mXfRdq62KGFj7Ac7t+FM+lkwGE="></latexit>

HX = XZ = H =

0

@
1 1 0 1 1 0 0
1 1 1 0 0 1 0
1 0 1 1 0 0 1

1

A
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CIRCUIT LEVEL NOISE

• Is is not so easy

• Errors propagate in circuit implementation for circuit level noise

• Errors propagation rules
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FROM PARITY CHECK MATRIX TO DETECTOR ERROR MODELS

Derks, Townsend-Teague, Burchards, Eisert, arXiv:2407.13826 (2024)

• Accounting for circuit level faults requires detector error models

• Detector matrix connects circuit faults to linear combinations of  
stabilizer measurements 

<latexit sha1_base64="jGKhBNMdVq8sb/RZCp6w7Tm0rN8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4UCnrwWKFf0G5LNpttQ7PJkmSVUvo/vHhQxKv/xZv/xrTdg1YfDDzem2FmXpBwpo3rfjm5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStQOsKWeCNgwznLYTRXEccNoKRjczv/VAlWZS1M04oX6MB4JFjGBjpZ5G1+i2S0JpEO3V+8WSW3bnQH+Jl5ESZKj1i5/dUJI0psIQjrXueG5i/AlWhhFOp4VuqmmCyQgPaMdSgWOq/cn86ik6sUqIIqlsCYPm6s+JCY61HseB7YyxGeplbyb+53VSE136EyaS1FBBFouilCMj0SwCFDJFieFjSzBRzN6KyBArTIwNqmBD8JZf/kuaZ2WvUq7cn5eqV1kceTiCYzgFDy6gCndQgwYQUPAEL/DqPDrPzpvzvmjNOdnMIfyC8/EN6RORfA==</latexit>

s = D · eT

<latexit sha1_base64="rwRoyOEXtmLhLn7PeR4xflQXMOA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFQAvLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpdr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFVvsjjycAKncA4eXEEV7qEGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOZLYzN</latexit>

D

• Decoding problem

•  : code syndrome<latexit sha1_base64="zGupxqBQl57IfoP4UFMLZUSxQfs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1ND9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03RhuAtv7xKWpcVr1qpNq7Ktds8jgKcwhlcgAfXUIN7qEMTGCA8wyu8OY/Oi/PufCxa15x85gT+wPn8AeBpjPw=</latexit>s

•   : binary detector matrix
•  : error <latexit sha1_base64="0s9xHSFRbA6WNLsDDd16pbgB1Bo=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1MB+qexW3DnIKvFyUoYc9X7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NApObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDBCe4RXenEfnxXl3Phata04+cwJ/4Hz+AMsxjO4=</latexit>e

• Detector matrix is binary linear code
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DETECTOR MATRICES ARE BIG

Derks, Townsend-Teague, Burchards, Eisert, arXiv:2407.13826 (2024)

• Accounting for circuit level faults requires detector error models

• Detector matrix connects circuit faults to linear combinations of  
stabilizer measurements 

<latexit sha1_base64="jGKhBNMdVq8sb/RZCp6w7Tm0rN8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4UCnrwWKFf0G5LNpttQ7PJkmSVUvo/vHhQxKv/xZv/xrTdg1YfDDzem2FmXpBwpo3rfjm5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStQOsKWeCNgwznLYTRXEccNoKRjczv/VAlWZS1M04oX6MB4JFjGBjpZ5G1+i2S0JpEO3V+8WSW3bnQH+Jl5ESZKj1i5/dUJI0psIQjrXueG5i/AlWhhFOp4VuqmmCyQgPaMdSgWOq/cn86ik6sUqIIqlsCYPm6s+JCY61HseB7YyxGeplbyb+53VSE136EyaS1FBBFouilCMj0SwCFDJFieFjSzBRzN6KyBArTIwNqmBD8JZf/kuaZ2WvUq7cn5eqV1kceTiCYzgFDy6gCndQgwYQUPAEL/DqPDrPzpvzvmjNOdnMIfyC8/EN6RORfA==</latexit>

s = D · eT

<latexit sha1_base64="rwRoyOEXtmLhLn7PeR4xflQXMOA=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFQAvLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpdr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFVvsjjycAKncA4eXEEV7qEGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOZLYzN</latexit>

D

• Decoding problem

•  : code syndrome<latexit sha1_base64="zGupxqBQl57IfoP4UFMLZUSxQfs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1ND9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03RhuAtv7xKWpcVr1qpNq7Ktds8jgKcwhlcgAfXUIN7qEMTGCA8wyu8OY/Oi/PufCxa15x85gT+wPn8AeBpjPw=</latexit>s

•   : binary detector matrix
•  : error <latexit sha1_base64="0s9xHSFRbA6WNLsDDd16pbgB1Bo=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1MB+qexW3DnIKvFyUoYc9X7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NApObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDBCe4RXenEfnxXl3Phata04+cwJ/4Hz+AMsxjO4=</latexit>e

• Detector matrix is a binary linear  
code and can be decoded using 
known techniques

Credit for picture: Joschka Roffe
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REQUIREMENTS FOR DECODING

 • Decoding comes with three desiderata: Decoding has to be…

• Fast: Vast quantities of syndrome 
data, has to be faster than noise

Syndromes

Recovery

• Versatile: With logical operations, decoding graph is constantly evolving

• Accurate: Decoder determines quality of QEC: Balance must be struck
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PART 3: DECODING WITH BELIEF PROPAGATION  
AND ORDERED STATISTICS DECODING
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<latexit sha1_base64="zZZjt8Y/ilSbPqXQ+p6pLBiDPRg="></latexit>

P (ei) =
X

¬ei

P (e1, e2, ei = 1, e3, . . . , en|s)

BELIEF PROPAGATION DECODING

• For an error   and a parity check matrix     (sparse for qLDPC codes)     <latexit sha1_base64="0s9xHSFRbA6WNLsDDd16pbgB1Bo=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1MB+qexW3DnIKvFyUoYc9X7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NApObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDBCe4RXenEfnxXl3Phata04+cwJ/4Hz+AMsxjO4=</latexit>e
<latexit sha1_base64="QgiwUgC6QbEX1cLFrImQscGVzRw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwCZlAuYDkiPsbSbJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSUtHiWLYZJGIVCegGgWX2DTcCOzECmkYCGwHk/u5335CpXkkH8w0Rj+kI8mHnFFjpUatXyy5ZXcBsk68jJQgQ71f/OoNIpaEKA0TVOuu58bGT6kynAmcFXqJxpiyCR1h11JJQ9R+ujh0Ri6sMiDDSNmShizU3xMpDbWehoHtDKkZ61VvLv7ndRMzvPVTLuPEoGTLRcNEEBOR+ddkwBUyI6aWUKa4vZWwMVWUGZtNwYbgrb68TlpXZa9SrjSuS9W7LI48nME5XIIHN1CFGtShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCfPYzR</latexit>

H

<latexit sha1_base64="fL0g8i76w06kMF7SnrwR5nDUN/8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgeFgpceK1hbaELZbDbt0s1u2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeWHKmTau++2U1tY3NrfK25Wd3b39g+rh0aOWmSK0QySXqhdiTTkTtGOY4bSXKoqTkNNuOL6b+d0nqjST4sFMUhokeChYzAg2VvI1ukUtn0TSIDqo1ty6OwdaJV5BalCgPah++ZEkWUKFIRxr3ffc1AQ5VoYRTqcVP9M0xWSMh7RvqcAJ1UE+v3mKzqwSoVgqW8Kgufp7IseJ1pMktJ0JNiO97M3E/7x+ZuLrIGcizQwVZLEozjgyEs0CQBFTlBg+sQQTxeytiIywwsTYmCo2BG/55VXyeFH3GvXG/WWteVPEUYYTOIVz8OAKmtCCNnSAQArP8ApvTua8OO/Ox6K15BQzx/AHzucPj5aQug==</latexit>

s = H · e

• Decoding goal: Find minimum weight estimate         satisfying  <latexit sha1_base64="nooQ5udBgozH/uKoc2Vt7G+Ak70=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2NgIEcwHJEfY28wla/b2jt09IRz5DzYWitj6f+z8N26SKzTxwcDjvRlm5gWJ4Nq47rezsrq2vrFZ2Cpu7+zu7ZcODps6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGN1M/dYTKs1j+WDGCfoRHUgeckaNlZrYy+5ak16p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns2gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR10ucKmRFjSyhT3N5K2JAqyowNqGhD8BZfXibN84pXrVTvL8q16zyOAhzDCZyBB5dQg1uoQwMYPMIzvMKbEzsvzrvzMW9dcfKZI/gD5/MHijiPGw==</latexit>eMW
<latexit sha1_base64="zGupxqBQl57IfoP4UFMLZUSxQfs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1ND9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03RhuAtv7xKWpcVr1qpNq7Ktds8jgKcwhlcgAfXUIN7qEMTGCA8wyu8OY/Oi/PufCxa15x85gT+wPn8AeBpjPw=</latexit>s

<latexit sha1_base64="2Ej2l0zRu13c5+JmDbL89dt6C1A=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBoE+5EooWCYGMjRDBGSI5jbzOJi3sf7M6J4bzWxr9iY6GIrf/Azn/jJrlCEx8MPN6b2Z15QSKFRsf5tqamZ2bn5ksL5cWl5ZVVe239Ssep4tDgsYzVdcA0SBFBAwVKuE4UsDCQ0AxuTwd+8w6UFnF0if0EvJD1ItEVnKGRfJuCn503c3pM2wj3mDHVC9l97meQ13fgQe/6dsWpOkPQSeIWpEIK1H37q92JeRpChFwyrVuuk6BnHkbBJeTldqohYfyW9aBlaMRC0F42vCSn20bp0G6sTEVIh+rviYyFWvfDwHSGDG/0uDcQ//NaKXYPvUxESYoQ8dFH3VRSjOkgFtoRCjjKviGMK2F2pfyGKcbRhFc2IbjjJ0+Sq72qW6vWLvYrJ0dFHCWySbbIDnHJATkhZ6ROGoSTR/JMXsmb9WS9WO/Wx6h1yipmNsgfWJ8/TaaaFw==</latexit>

eMW = argmaxeP (e|s)

• For i.i.d. noise, becomes marginalization problem on each bit

Exponentially 
many terms

Pearl, Proc 2nd Conf Art Int AAAI, 133 (1982) 
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BELIEF PROPAGATION DECODING

<latexit sha1_base64="0s9xHSFRbA6WNLsDDd16pbgB1Bo=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1MB+qexW3DnIKvFyUoYc9X7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdSyWNUPvZ/NApObfKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKV61UG1fl2m0eRwFO4QwuwINrqME91KEJDBCe4RXenEfnxXl3Phata04+cwJ/4Hz+AMsxjO4=</latexit>e
<latexit sha1_base64="QgiwUgC6QbEX1cLFrImQscGVzRw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwCZlAuYDkiPsbSbJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSUtHiWLYZJGIVCegGgWX2DTcCOzECmkYCGwHk/u5335CpXkkH8w0Rj+kI8mHnFFjpUatXyy5ZXcBsk68jJQgQ71f/OoNIpaEKA0TVOuu58bGT6kynAmcFXqJxpiyCR1h11JJQ9R+ujh0Ri6sMiDDSNmShizU3xMpDbWehoHtDKkZ61VvLv7ndRMzvPVTLuPEoGTLRcNEEBOR+ddkwBUyI6aWUKa4vZWwMVWUGZtNwYbgrb68TlpXZa9SrjSuS9W7LI48nME5XIIHN1CFGtShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCfPYzR</latexit>

H

<latexit sha1_base64="fL0g8i76w06kMF7SnrwR5nDUN/8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgeFgpceK1hbaELZbDbt0s1u2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeWHKmTau++2U1tY3NrfK25Wd3b39g+rh0aOWmSK0QySXqhdiTTkTtGOY4bSXKoqTkNNuOL6b+d0nqjST4sFMUhokeChYzAg2VvI1ukUtn0TSIDqo1ty6OwdaJV5BalCgPah++ZEkWUKFIRxr3ffc1AQ5VoYRTqcVP9M0xWSMh7RvqcAJ1UE+v3mKzqwSoVgqW8Kgufp7IseJ1pMktJ0JNiO97M3E/7x+ZuLrIGcizQwVZLEozjgyEs0CQBFTlBg+sQQTxeytiIywwsTYmCo2BG/55VXyeFH3GvXG/WWteVPEUYYTOIVz8OAKmtCCNnSAQArP8ApvTua8OO/Ox6K15BQzx/AHzucPj5aQug==</latexit>

s = H · e

• Decoding goal: Find minimum weight estimate         satisfying  <latexit sha1_base64="nooQ5udBgozH/uKoc2Vt7G+Ak70=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2NgIEcwHJEfY28wla/b2jt09IRz5DzYWitj6f+z8N26SKzTxwcDjvRlm5gWJ4Nq47rezsrq2vrFZ2Cpu7+zu7ZcODps6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGN1M/dYTKs1j+WDGCfoRHUgeckaNlZrYy+5ak16p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns2gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR10ucKmRFjSyhT3N5K2JAqyowNqGhD8BZfXibN84pXrVTvL8q16zyOAhzDCZyBB5dQg1uoQwMYPMIzvMKbEzsvzrvzMW9dcfKZI/gD5/MHijiPGw==</latexit>eMW
<latexit sha1_base64="zGupxqBQl57IfoP4UFMLZUSxQfs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1ND9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03RhuAtv7xKWpcVr1qpNq7Ktds8jgKcwhlcgAfXUIN7qEMTGCA8wyu8OY/Oi/PufCxa15x85gT+wPn8AeBpjPw=</latexit>s

<latexit sha1_base64="2Ej2l0zRu13c5+JmDbL89dt6C1A=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBoE+5EooWCYGMjRDBGSI5jbzOJi3sf7M6J4bzWxr9iY6GIrf/Azn/jJrlCEx8MPN6b2Z15QSKFRsf5tqamZ2bn5ksL5cWl5ZVVe239Ssep4tDgsYzVdcA0SBFBAwVKuE4UsDCQ0AxuTwd+8w6UFnF0if0EvJD1ItEVnKGRfJuCn503c3pM2wj3mDHVC9l97meQ13fgQe/6dsWpOkPQSeIWpEIK1H37q92JeRpChFwyrVuuk6BnHkbBJeTldqohYfyW9aBlaMRC0F42vCSn20bp0G6sTEVIh+rviYyFWvfDwHSGDG/0uDcQ//NaKXYPvUxESYoQ8dFH3VRSjOkgFtoRCjjKviGMK2F2pfyGKcbRhFc2IbjjJ0+Sq72qW6vWLvYrJ0dFHCWySbbIDnHJATkhZ6ROGoSTR/JMXsmb9WS9WO/Wx6h1yipmNsgfWJ8/TaaaFw==</latexit>

eMW = argmaxeP (e|s)

• For i.i.d. noise, becomes marginalization problem on each bit
<latexit sha1_base64="zZZjt8Y/ilSbPqXQ+p6pLBiDPRg="></latexit>

P (ei) =
X

¬ei

P (e1, e2, ei = 1, e3, . . . , en|s)
<latexit sha1_base64="KurqSf9GWfIiHgUsVFF83DeKaG0="></latexit>

=
X

e4

X

e5

· · ·
X

en

f(e4, . . . en|s) · · ·
X

e2

f(es|s)
X

e3

f(e1, e2, e3|s)

• Form of factorization determined via the the Tanner graph - precomputed 
sums are messages in an iterative message passing algorithm

Pearl, Proc 2nd Conf Art Int AAAI, 133 (1982)  
MacKay, Neal, Elec Lett 32, 1645 (1996)

• Approximate on graphs with cycles, but often good enough

• For an error   and a parity check matrix     (sparse for qLDPC codes)     
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BELIEF PROPAGATION DECODING

• Works well in practice for classical codes

• Fast
• Versatile
• Accurate

<latexit sha1_base64="SbvquBAFQANT7J8nymj+91YqHkY=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjZ2RjAfkBxhb7OXLNndO3b3hHDkL9hYKGLrH7Lz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuM7/zRJVmkXw005j6Ao8kCxnBJpPuq/J8UK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWNMJnhEe5ZKLKj20/mtM3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKUPY6GTFFi+NQSTBSztyIyxgoTY+Mp2RC85ZdXSfui5tVr9YfLSuMmj6MIJ3AKVfDgChpwB01oAYExPMMrvDnCeXHenY9Fa8HJZ47hD5zPHzvQjbU=</latexit>

O(n)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

BELIEF PROPAGATION DECODING

• Works well in practice for classical codes

Pearl, Proc 2nd Conf Art Int AAAI, 133 (1982)  
MacKay, Neal, Elec Lett 32, 1645 (1996)

• But has no threshold for the quantum toric code

Does not work for all error 
configurations: Many 
degenerate configurations

Tanner graph contains too 
many short loops, trapping sets

• Fast
• Versatile
• Accurate

<latexit sha1_base64="SbvquBAFQANT7J8nymj+91YqHkY=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjZ2RjAfkBxhb7OXLNndO3b3hHDkL9hYKGLrH7Lz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuM7/zRJVmkXw005j6Ao8kCxnBJpPuq/J8UK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWNMJnhEe5ZKLKj20/mtM3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKUPY6GTFFi+NQSTBSztyIyxgoTY+Mp2RC85ZdXSfui5tVr9YfLSuMmj6MIJ3AKVfDgChpwB01oAYExPMMrvDnCeXHenY9Fa8HJZ47hD5zPHzvQjbU=</latexit>

O(n)
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OSD decoder

ORDERED STATISTICS DECODING AS A FIX

• Belief propagation postprocessing that always returns a solution 
satisfying the syndrome

• Enforces solution through matrix inversion
Syndrome <latexit sha1_base64="dv6F2KIVJbGis99SnLMQDnTeI6M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fipofulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD34KM+Q==</latexit>s

<latexit sha1_base64="cBr3NCf4/J0inNkWRNiW5fvPe6Q=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQiVRdi0U2XVewD2hAmk0k7dDITZiZCCfVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77wkSRpV2nG+rsLK6tr5R3Cxtbe/s7tn7B20lUolJCwsmZDdAijDKSUtTzUg3kQTFASOdYHQ79TuPRCoq+IMeJ8SL0YDTiGKkjeTb5Qbs41BoeO9nN80JvILq2rcrTtWZAS4TNycVkKPp21/9UOA0JlxjhpTquU6ivQxJTTEjk1I/VSRBeIQGpGcoRzFRXjY7fgKPjRLCSEhTXMOZ+nsiQ7FS4zgwnTHSQ7XoTcX/vF6qowsvozxJNeF4vihKGdQCTpOAIZUEazY2BGFJza0QD5FEWJu8SiYEd/HlZdI+rbq1au3urFK/zOMogkNwBE6AC85BHTRAE7QABmPwDF7Bm/VkvVjv1se8tWDlM2XwB9bnD4ZJk2M=</latexit>

H ·RBP = s?

BP decoder

BP output

Yes

OSD output

<latexit sha1_base64="ef59RAzg8v/RSz0vd0M3/QJMuQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqXorevFYxX5Au5Rsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPiwUxi6kd4KFjICDZWat330+tG1i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4zUq9RNMYkzEe0q6lAkdU++ns2gydWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSiNxX/87qJCS/9lIk4MVSQ+aIw4chINH0dDZiixPCJJZgoZm9FZIQVJsYGVLIheIsvL5PWWdWrVWt355X6VR5HEY7gGE7Bgwuowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AUMGO8w==</latexit>

RBP

BP output <latexit sha1_base64="ef59RAzg8v/RSz0vd0M3/QJMuQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqXorevFYxX5Au5Rsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPiwUxi6kd4KFjICDZWat330+tG1i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4zUq9RNMYkzEe0q6lAkdU++ns2gydWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSiNxX/87qJCS/9lIk4MVSQ+aIw4chINH0dDZiixPCJJZgoZm9FZIQVJsYGVLIheIsvL5PWWdWrVWt355X6VR5HEY7gGE7Bgwuowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AUMGO8w==</latexit>

RBP
<latexit sha1_base64="4wseEWckzWhjpTrFBmIhl024uW0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0F9ODN+MhDkiXMTmaTITOzy8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5O/OYTVZpF8sGMYuoL3JcsZAQbKz2iu256c381Rt1iyS27U6BF4mWkBBlq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpnJS9Srlye1qqXmRx5OEADuEYPDiDKlxDDepAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBpa6PpQ==</latexit>

ROSD

No

• Developed as method for reducing the  
error floor in classical LDPC codes

• Applied to the quantum setting
Fourrier, Lin, IEEE Trans Inf Th 44, 691 (1998)

Pantaleev, Kalachev, Quantum 5, 585 (2021)
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• Enforces solution through matrix inversion

OSD decoder

ORDERED STATISTICS DECODING AS A FIX

• Belief propagation postprocessing that always returns a solution 
satisfying the syndrome

• Developed as method for reducing the  
error floor in classical LDPC codes

• Applied to the quantum setting

Syndrome <latexit sha1_base64="dv6F2KIVJbGis99SnLMQDnTeI6M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fipofulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD34KM+Q==</latexit>s

<latexit sha1_base64="cBr3NCf4/J0inNkWRNiW5fvPe6Q=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQiVRdi0U2XVewD2hAmk0k7dDITZiZCCfVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77wkSRpV2nG+rsLK6tr5R3Cxtbe/s7tn7B20lUolJCwsmZDdAijDKSUtTzUg3kQTFASOdYHQ79TuPRCoq+IMeJ8SL0YDTiGKkjeTb5Qbs41BoeO9nN80JvILq2rcrTtWZAS4TNycVkKPp21/9UOA0JlxjhpTquU6ivQxJTTEjk1I/VSRBeIQGpGcoRzFRXjY7fgKPjRLCSEhTXMOZ+nsiQ7FS4zgwnTHSQ7XoTcX/vF6qowsvozxJNeF4vihKGdQCTpOAIZUEazY2BGFJza0QD5FEWJu8SiYEd/HlZdI+rbq1au3urFK/zOMogkNwBE6AC85BHTRAE7QABmPwDF7Bm/VkvVjv1se8tWDlM2XwB9bnD4ZJk2M=</latexit>

H ·RBP = s?

BP decoder

BP output

Yes

OSD output

<latexit sha1_base64="ef59RAzg8v/RSz0vd0M3/QJMuQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqXorevFYxX5Au5Rsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPiwUxi6kd4KFjICDZWat330+tG1i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4zUq9RNMYkzEe0q6lAkdU++ns2gydWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSiNxX/87qJCS/9lIk4MVSQ+aIw4chINH0dDZiixPCJJZgoZm9FZIQVJsYGVLIheIsvL5PWWdWrVWt355X6VR5HEY7gGE7Bgwuowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AUMGO8w==</latexit>

RBP

BP output <latexit sha1_base64="ef59RAzg8v/RSz0vd0M3/QJMuQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqXorevFYxX5Au5Rsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPiwUxi6kd4KFjICDZWat330+tG1i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4zUq9RNMYkzEe0q6lAkdU++ns2gydWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSiNxX/87qJCS/9lIk4MVSQ+aIw4chINH0dDZiixPCJJZgoZm9FZIQVJsYGVLIheIsvL5PWWdWrVWt355X6VR5HEY7gGE7Bgwuowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AUMGO8w==</latexit>

RBP
<latexit sha1_base64="4wseEWckzWhjpTrFBmIhl024uW0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0F9ODN+MhDkiXMTmaTITOzy8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxBzpo3rfju5peWV1bX8emFjc2t7p7i719BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5O/OYTVZpF8sGMYuoL3JcsZAQbKz2iu256c381Rt1iyS27U6BF4mWkBBlq3eJXpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgjf/8iJpnJS9Srlye1qqXmRx5OEADuEYPDiDKlxDDepAQMAzvMKbo5wX5935mLXmnGxmH/7A+fwBpa6PpQ==</latexit>

ROSD

No

Fourrier, Lin, IEEE Trans Inf Th 44, 691 (1998)

Pantaleev, Kalachev, Quantum 5, 585 (2021)

• Has a threshold for the toric code



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

ORDERED STATISTICS DECODING AS A FIX

• Fast
• Versatile

• Accurate

 

<latexit sha1_base64="USVKndE7Utmx/Avsb4bxaKfR8iU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CnEi0sAjZ2RjAfkJxhb7OXLNnbW3b3hHDkR9hYKGLr77Hz37hJrtDEBwOP92aYmRdIzrRx3W8nt7K6tr6R3yxsbe/s7hX3D5o6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBaObqd96okqzWDyYsaR+hAeChYxgY6XWXVk8np+iXrHkVtwZ0DLxMlKCDPVe8avbj0kSUWEIx1p3PFcaP8XKMMLppNBNNJWYjPCAdiwVOKLaT2fnTtCJVfoojJUtYdBM/T2R4kjrcRTYzgiboV70puJ/Xicx4ZWfMiETQwWZLwoTjkyMpr+jPlOUGD62BBPF7K2IDLHCxNiECjYEb/HlZdI8q3jVSvX+olS7zuLIwxEcQxk8uIQa3EIdGkBgBM/wCm+OdF6cd+dj3ppzsplD+APn8we7P46E</latexit>

O(n3)

• Can we do fast decoding?

• OSD requires Gaussian elimination, is with           too slow   



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

PART 4: DECODING QLDPC CODES WITH 
LOCALIZED STATISTICS DECODING
Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

WISHLIST FOR FAST DECODERS

Fast

VersatileAccurate

Union find 
MWPM

FLIP

BP+OSD

?

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

INTUITION: SPARSITY-AWARE MATRIX INVERSION

• QLDPC codes are sparse

• Sub-threshold: Errors 
span independent 
regions of decoding graph

• Matrix inversion factorizes

• Independent decoding 
regions decoded in parallel

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

INTUITION: SPARSITY-AWARE MATRIX INVERSION

• QLDPC codes are sparse

• Sub-threshold: Errors 
span independent 
regions of decoding graph

• Matrix inversion factorizes

• Independent decoding 
regions decoded in parallel

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

STEP 1: BELIEF PROPAGATION

• Run belief propagation, gives soft information

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

STEP 1: BELIEF PROPAGATION

• Run belief propagation, gives soft information

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

STEP 2: CLUSTER GROWTH

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)

• Clusters grown in parallel from each activated syndrome node



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

STEP 2: CLUSTER GROWTH

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)

• Grow from each activated bit, expand one bit at a time

• Colliding clusters merged



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

STEP 2: CLUSTER GROWTH

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)

• Cluster growth is halted when a cluster supports a solution to local 
decoding problem



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• A cluster is valid if it can be inverted to solve the local decoding problem

• A cluster is valid if
<latexit sha1_base64="S/g51OsXcyIVOJUIHukUnFH6hBw=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXJFpYBNLELqJ5QDYss5OJGTI7u8zcFcMSsPFXbCwUsfUn7PwbJ49CEw9cOJxzL/feE8SCa3CcbyuztLyyupZdz21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrBoDL2m/dMaR7JWxjGrBOSO8l7nBIwkm8f3PgV7HGJPWAPkF4Zm41woepXTnw77xSdCfAicWckj2ao+faX141oEjIJVBCt264TQyclCjgVbJTzEs1iQgdmRdtQSUKmO+nkhxE+NkoX9yJlSgKeqL8nUhJqPQwD0xkS6Ot5byz+57UT6F10Ui7jBJik00W9RGCI8DgQ3OWKURBDQwhV3NyKaZ8oQsHEljMhuPMvL5LGadEtFUvXZ/ny5SyOLDpER6iAXHSOyqiKaqiOKHpEz+gVvVlP1ov1bn1MWzPWbGYf/YH1+QP6f5Zz</latexit>

SC 2 Image(HC)

<latexit sha1_base64="8yUDiIgyuj4/7Vsn++IpNLOWze4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSiFQXCoVsuqxgH9DGMJlM2qGTTJiZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/fe4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPOpKnApM25oyLno8kYTQmbUUVI71EEBT5jHT9sTP1u49ESMrjezVJiBuhYUxDipHSkmceEc+Bt7DpOQ/ZuZ0PcMAVlJ7jmVWrZs0Al4ldkCoo0PLMr0HAcRqRWGGGpOzbVqLcDAlFMSN5ZZBKkiA8RkPS1zRGEZFuNnsgh6daCWDIha5YwZn6eyJDkZSTyNedEVIjuehNxf+8fqrCazejcZIqEuP5ojBlUHE4TQMGVBCs2EQThAXVt0I8QgJhpTOr6BDsxZeXSeeiZtdr9bvLauOmiKMMjsEJOAM2uAIN0AQt0AYY5OAZvII348l4Md6Nj3lryShmDsEfGJ8/TpSU8w==</latexit>

eC = H
�1
C · sC

STEP 2: CLUSTER GROWTH

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• A cluster is valid if it can be inverted to solve the local decoding problem

• A cluster is valid if
<latexit sha1_base64="S/g51OsXcyIVOJUIHukUnFH6hBw=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXJFpYBNLELqJ5QDYss5OJGTI7u8zcFcMSsPFXbCwUsfUn7PwbJ49CEw9cOJxzL/feE8SCa3CcbyuztLyyupZdz21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrBoDL2m/dMaR7JWxjGrBOSO8l7nBIwkm8f3PgV7HGJPWAPkF4Zm41woepXTnw77xSdCfAicWckj2ao+faX141oEjIJVBCt264TQyclCjgVbJTzEs1iQgdmRdtQSUKmO+nkhxE+NkoX9yJlSgKeqL8nUhJqPQwD0xkS6Ot5byz+57UT6F10Ui7jBJik00W9RGCI8DgQ3OWKURBDQwhV3NyKaZ8oQsHEljMhuPMvL5LGadEtFUvXZ/ny5SyOLDpER6iAXHSOyqiKaqiOKHpEz+gVvVlP1ov1bn1MWzPWbGYf/YH1+QP6f5Zz</latexit>

SC 2 Image(HC)

<latexit sha1_base64="8yUDiIgyuj4/7Vsn++IpNLOWze4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSiFQXCoVsuqxgH9DGMJlM2qGTTJiZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/fe4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPOpKnApM25oyLno8kYTQmbUUVI71EEBT5jHT9sTP1u49ESMrjezVJiBuhYUxDipHSkmceEc+Bt7DpOQ/ZuZ0PcMAVlJ7jmVWrZs0Al4ldkCoo0PLMr0HAcRqRWGGGpOzbVqLcDAlFMSN5ZZBKkiA8RkPS1zRGEZFuNnsgh6daCWDIha5YwZn6eyJDkZSTyNedEVIjuehNxf+8fqrCazejcZIqEuP5ojBlUHE4TQMGVBCs2EQThAXVt0I8QgJhpTOr6BDsxZeXSeeiZtdr9bvLauOmiKMMjsEJOAM2uAIN0AQt0AYY5OAZvII348l4Md6Nj3lryShmDsEfGJ8/TpSU8w==</latexit>

eC = H
�1
C · sC

STEP 3: ON-THE-FLY ELIMINATION

 

• How do we efficiently verify the halting condition?

• Gaussian elimination in each step requires            steps in  
largest cluster size

<latexit sha1_base64="DwRW3fXKulqZ9WEd8BHoYNj6dyE=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwZghYWJDR2YiIfEU6yt+zBht29y+6eCSH8CxsLjbH139j5b1zgCgVfMsnLezOZmRfEnGnjut9OZm19Y3Mru53b2d3bP8gfHjV1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCka1md96okqzSN6bcUx9gQeShYxgY6WH22JXJL3aY/m8ly+4JXcOtEq8lBQgRb2X/+r2I5IIKg3hWOuO58bGn2BlGOF0musmmsaYjPCAdiyVWFDtT+YXT9GZVfoojJQtadBc/T0xwULrsQhsp8BmqJe9mfif10lMeOVPmIwTQyVZLAoTjkyEZu+jPlOUGD62BBPF7K2IDLHCxNiQcjYEb/nlVdK8KHmVUuWuXKhep3Fk4QROoQgeXEIVbqAODSAg4Rle4c3Rzovz7nwsWjNOOnMMf+B8/gA0oo/1</latexit>

O(µ4
C)

<latexit sha1_base64="ixTDW7JyLcYSL5gR4KDEQ9TKC0I=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqgcPhV48VjBtoQ1ls920S3c3YXcjlNDf4MWDIl79Qd78N27bHLT1wcDjvRlm5kUpZ9p43rdT2tjc2t4p71b29g8Oj9zjk7ZOMkVoQBKeqG6ENeVM0sAww2k3VRSLiNNONGnO/c4TVZol8tFMUxoKPJIsZgQbKwV9kQ2aA7fq1bwF0DrxC1KFAq2B+9UfJiQTVBrCsdY930tNmGNlGOF0VulnmqaYTPCI9iyVWFAd5otjZ+jCKkMUJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7n9TIT34Y5k2lmqCTLRXHGkUnQ/HM0ZIoSw6eWYKKYvRWRMVaYGJtPxYbgr768TtpXNb9eqz9cVxt3RRxlOINzuAQfbqAB99CCAAgweIZXeHOk8+K8Ox/L1pJTzJzCHzifP6FmjpE=</latexit>µC

• Here: Introduce new algorithm, “on-the-fly elimitation”,  
dynamically eliminate clusters as they grow, in worst case  

<latexit sha1_base64="2IhibTt0ISaRYkLmlEYOvs7FR+c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJXrwEMjFmxHMA5M1zE5mkyEzs8vMrBCW/IUXD4p49W+8+TdOHgdNLGgoqrrp7gpizrRx3W8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPqxG8+UaVZJO/NKKa+wH3JQkawsdLDbbEjkm718fy0my+4JXcKtEy8OSnAHLVu/qvTi0giqDSEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsqsaDaT6cXj9GJVXoojJQtadBU/T2RYqH1SAS2U2Az0IveRPzPaycmvPJTJuPEUElmi8KEIxOhyfuoxxQlho8swUQxeysiA6wwMTaknA3BW3x5mTTOSl65VL67KFSu53Fk4QiOoQgeXEIFbqAGdSAg4Rle4c3Rzovz7nzMWjPOfOYQ/sD5/AEzHY/0</latexit>

O(µ3
C)

Delfosse, Londe, Beverland, arXiv:2103.08049 (2021)

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• A cluster is valid if it can be inverted to solve the local decoding problem

• A cluster is valid if
<latexit sha1_base64="S/g51OsXcyIVOJUIHukUnFH6hBw=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXJFpYBNLELqJ5QDYss5OJGTI7u8zcFcMSsPFXbCwUsfUn7PwbJ49CEw9cOJxzL/feE8SCa3CcbyuztLyyupZdz21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrBoDL2m/dMaR7JWxjGrBOSO8l7nBIwkm8f3PgV7HGJPWAPkF4Zm41woepXTnw77xSdCfAicWckj2ao+faX141oEjIJVBCt264TQyclCjgVbJTzEs1iQgdmRdtQSUKmO+nkhxE+NkoX9yJlSgKeqL8nUhJqPQwD0xkS6Ot5byz+57UT6F10Ui7jBJik00W9RGCI8DgQ3OWKURBDQwhV3NyKaZ8oQsHEljMhuPMvL5LGadEtFUvXZ/ny5SyOLDpER6iAXHSOyqiKaqiOKHpEz+gVvVlP1ov1bn1MWzPWbGYf/YH1+QP6f5Zz</latexit>

SC 2 Image(HC)

<latexit sha1_base64="8yUDiIgyuj4/7Vsn++IpNLOWze4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSiFQXCoVsuqxgH9DGMJlM2qGTTJiZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/fe4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPOpKnApM25oyLno8kYTQmbUUVI71EEBT5jHT9sTP1u49ESMrjezVJiBuhYUxDipHSkmceEc+Bt7DpOQ/ZuZ0PcMAVlJ7jmVWrZs0Al4ldkCoo0PLMr0HAcRqRWGGGpOzbVqLcDAlFMSN5ZZBKkiA8RkPS1zRGEZFuNnsgh6daCWDIha5YwZn6eyJDkZSTyNedEVIjuehNxf+8fqrCazejcZIqEuP5ojBlUHE4TQMGVBCs2EQThAXVt0I8QgJhpTOr6BDsxZeXSeeiZtdr9bvLauOmiKMMjsEJOAM2uAIN0AQt0AYY5OAZvII348l4Md6Nj3lryShmDsEfGJ8/TpSU8w==</latexit>

eC = H
�1
C · sC

STEP 3: ON-THE-FLY ELIMINATION

 

• Technically: Solving linear systems over finite fields      with 
PLU decomposition                          - numerically stable, 

<latexit sha1_base64="sxDoP1MGn6LusJig6vjt43D9Wj0=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZki1YWLgiAuK9gHdIaSpJk2NJMZkoxQhv6GGxeKuPVn3Pk3ZtpZaOuBwOGce7knhySCa+O6387a+sbm1nZpp7y7t39wWDk67ug4VZS1aSxi1SNYM8ElaxtuBOsliuGICNYlk9vc7z4xpXksH800YUGER5KHnGJjJd+PsBkTkt3NBvVBperW3DnQKvEKUoUCrUHlyx/GNI2YNFRgrfuem5ggw8pwKtis7KeaJZhO8Ij1LZU4YjrI5pln6NwqQxTGyj5p0Fz9vZHhSOtpROxknlEve7n4n9dPTXgdZFwmqWGSLg6FqUAmRnkBaMgVo0ZMLcFUcZsV0TFWmBpbU9mW4C1/eZV06jWvUWs8XFabN0UdJTiFM7gAD66gCffQgjZQSOAZXuHNSZ0X5935WIyuOcXOCfyB8/kD2xeRkA==</latexit>F2
<latexit sha1_base64="t3U+mOE1jv67ls62povw8AhO7vk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqguFQjdduKhg2kIbwmQ6aYdOHsxMlBL7KW5cKOLWL3Hn3zhts9DWA3c4nHMv987xE86ksqxvo7C2vrG5Vdwu7ezu7R+Y5cO2jFNBqENiHouujyXlLKKOYorTbiIoDn1OO/64MfM7D1RIFkf3apJQN8TDiAWMYKUlzyw3vQa6QS393upyvIZnVqyqNQdaJXZOKpCj5Zlf/UFM0pBGinAsZc+2EuVmWChGOJ2W+qmkCSZjPKQ9TSMcUulm89On6FQrAxTEQlek0Fz9PZHhUMpJ6OvOEKuRXPZm4n9eL1XBlZuxKEkVjchiUZBypGI0ywENmKBE8YkmmAimb0VkhAUmSqdV0iHYy19eJe3zql2r1u4uKvXrPI4iHMMJnIENl1CHJrTAAQKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPr3ZHY</latexit>

HC = PCLCUC

<latexit sha1_base64="oZIZ2nOLzAZDlReVTZqF8kHwyUo=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EEguLQJqUEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLW9s7tX3C8dHB4dn5RPz7o6ShShHRLxSPUDrClnknYMM5z2Y0WxCDjtBbNm5veeqNIsko9mHlNf4IlkISPYZFJr1ESjcsWtukugTeLlpAI52qPy13AckURQaQjHWg88NzZ+ipVhhNNFaZhoGmMywxM6sFRiQbWfLm9doCurjFEYKVvSoKX6eyLFQuu5CGynwGaq171M/M8bJCa881Mm48RQSVaLwoQjE6HscTRmihLD55Zgopi9FZEpVpgYG0/JhuCtv7xJujdVr1atPdxWGvd5HEW4gEu4Bg/q0IAWtKEDBKbwDK/w5gjnxXl3PlatBSefOYc/cD5/ADXujbE=</latexit>

HC
<latexit sha1_base64="nNSlpwQ1CWAqWw79Fkt/Qov7emM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRA8KAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7bK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCOkYzG</latexit>=

<latexit sha1_base64="/VQviQh5GFIfqKM1n6NEZ8d64m4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFII1lRGMCyRH2NnPJkr29Y3dPCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0aOOU8WwxWIRq05ANQousWW4EdhJFNIoENgOxo2Z335CpXksH8wkQT+iQ8lDzqix0n2z3+iXK27VnYOsEi8nFcjR7Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXyeFH1atXa3WWlfpPHUYQTOIVz8OAK6nALTWgBgyE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f672Njw==</latexit>

PC <latexit sha1_base64="VZA2yBSTd4gojnT1t+8u5CgTU4g=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFII2FRUTzAckR9jZ7yZK9vWN3TgghP8HGQhFbf5Gd/8ZNcoUmPhh4vDfDzLwgkcKg6347ubX1jc2t/HZhZ3dv/6B4eNQ0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxqM7/1xLURsXrEccL9iA6UCAWjaKWHu16tVyy5ZXcOskq8jJQgQ71X/Or2Y5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/NTp+TMKn0SxtqWQjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnQiUpcsUWi8JUEozJ7G/SF5ozlGNLKNPC3krYkGrK0KZTsCF4yy+vkuZF2auUK/eXpepNFkceTuAUzsGDK6jCLdShAQwG8Ayv8OZI58V5dz4WrTknmzmGP3A+fwDlpY2L</latexit>

LC

<latexit sha1_base64="WE/W8eheRiK8ilpgrBgxsh8i1k4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFII1lRC8JJEfY2+wlS/b2jt05IQR/go2FIrb+Ijv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGWSTDPus0QmuhNSw6VQ3EeBkndSzWkcSt4Ox42Z337k2ohEPeAk5UFMh0pEglG00r3fb/TLFbfqzkFWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5E+lXmZ4StmYDnnXUkVjboLp/NQncmaVAYkSbUshmau/J6Y0NmYSh7Yzpjgyy95M/M/rZhhdB1Oh0gy5YotFUSYJJmT2NxkIzRnKiSWUaWFvJWxENWVo0ynZELzll1dJ66Lq1aq1u8tK/SaPowgncArn4MEV1OEWmuADgyE8wyu8OdJ5cd6dj0VrwclnjuEPnM8f81uNlA==</latexit>

UC
<latexit sha1_base64="UBs5DpPH/eUX4ePdicRgBnyjNnI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmA5Ah7m71kzd7tsTsnhCP/wcZCEVv/j53/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DIq1Yw3mZJKdwJquBQxb6JAyTuJ5jQKJG8H49uZ337i2ggVP+Ak4X5Eh7EIBaNopVYPRcRNv1xxq+4cZJV4OalAjka//NUbKJZGPEYmqTFdz03Qz6hGwSSflnqp4QllYzrkXUtjapf42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimG134m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH7fvjzk=</latexit>⇥<latexit sha1_base64="UBs5DpPH/eUX4ePdicRgBnyjNnI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmA5Ah7m71kzd7tsTsnhCP/wcZCEVv/j53/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DIq1Yw3mZJKdwJquBQxb6JAyTuJ5jQKJG8H49uZ337i2ggVP+Ak4X5Eh7EIBaNopVYPRcRNv1xxq+4cZJV4OalAjka//NUbKJZGPEYmqTFdz03Qz6hGwSSflnqp4QllYzrkXUtjapf42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimG134m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH7fvjzk=</latexit>⇥

Permutation Lower triangular Upper triangular

<latexit sha1_base64="SbvquBAFQANT7J8nymj+91YqHkY=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0sAjZ2RjAfkBxhb7OXLNndO3b3hHDkL9hYKGLrH7Lz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuM7/zRJVmkXw005j6Ao8kCxnBJpPuq/J8UK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWNMJnhEe5ZKLKj20/mtM3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKUPY6GTFFi+NQSTBSztyIyxgoTY+Mp2RC85ZdXSfui5tVr9YfLSuMmj6MIJ3AKVfDgChpwB01oAYExPMMrvDnCeXHenY9Fa8HJZ47hD5zPHzvQjbU=</latexit>

O(n)

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)
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GOOD PERFORMANCE OF LOCALIZED STATISTICS DECODING

• Gives fast, versatile accurate decoder

• Fast
• Versatile

• Accurate

• Rotated surface codes with circuit level noise

• Hypergraph products and bicycle bivariate codes

Compare Bravyi, Cross, Gambetta, Maslov, Rall, Yoder, Nature 627, 778 (2024) 
Xu et al, Nature Phys 20, 1084 (2024)

Hillmann, Berent, Quintavalle, Eisert, Wille, Roffe, Nature Comm 16, 8214 (2025)
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GOOD PERFORMANCE OF LOCALIZED STATISTICS DECODING

• Gives fast, versatile accurate decoder

• Fast
• Versatile

• Accurate

• Rotated surface codes with circuit level noise

• Hypergraph products and bicycle bivariate codes

Compare Bravyi, Cross, Gambetta, Maslov, Rall, Yoder, Nature 627, 778 (2024) 
Xu et al, Nature Phys 20, 1084 (2024)

 
• Performs very well, and showcases 

importance of quantum software

Connoisseur material,  
e.g., on site percolation
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OUTLOOK: PERSPECTIVES OF QEC
Nature Phys 20, 1648 (2024) 
npj Quant Inf 10, 122 (2024) 
Phys Rev Lett 133, 110601 (2024) 
arXiv:2403.13927 (2024) 
arXiv:2505.20261 (2025) 

PRX Quantum 6, 010360 (2025)  
PRX Quantum 5, 020349 (2024) 
PRX Quantum 5, 010342 (2024) 
Quantum 8, 1398 (2024) 
arXiv:2505.07658 (2025) 
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• This talk: Quantum error correction great playground  
for quantum software

• Fast, accurate and versatile decoder for qLDPC codes
• What else?
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• Comprehensive impact of (possibly)  
non-unital noise and limits of mitigation

Quek, Stilck-Franca, Khatri, Meyer, Eisert, Nature Phys 20, 1648 (2024)   
Mele, Angrisani, Ghosh, Khatri, Eisert, Stilck França, Quek,  
arXiv:2403.13927, Nature Comm, in press (2025)

Tiurev, Pesah, Derks, Roffe, Eisert, Kesselring,  
Reiner, Phys Rev Lett 133, 110601 (2024) 

• Noise-tailored variants  
of color QEC codes

• Understanding noise models is important
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• Think of hardware constraints: Locality

• Hardware-tailored logical Clifford circuits for stabilizer codes  
Framework for constructing hardware-tailored quantum circuits that implement 
any desired Clifford unitary on the logical level of any given stabilizer code

Kuehnke, Levi, Roffe, Eisert, Miller, arXiv:2505.20261 (2025) 
Miller, Fischer, Levi, Kuehnke, Sokolov, Barkoutsos, Eisert, Tavernelli, npj Quant Inf 10, 122 (2024)
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• Continuous QEC underrated

Conrad, Eisert, Seifert, Quantum 8, 1398 (2024) 
Berent, Hillmann, Eisert, Wille, Roffe, PRX Quantum 5, 020349 (2024)

• Good GKP codes based on NTRU lattices and decoders
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• Floquet codes  
New Floquet codes derived from topological subsystem codes, XYZ ruby codes  
in color code phase with attractive thresholds - and new three colored calculus 

• Two qubit measurements only

de la Fuente, Townsend-Teague, Old, Rispler, Eisert, Mueller, PRX Quantum 6, 010360 (2025) 
Derks, Townsend-Teague, Eisert, Kesselring, Higgott, Brown, arXiv:2505.07658 (2025) 
Kesselring, Magdalena de la Fuente, Thomsen, Eisert, Bartlett, Brown, PRX Quantum 5, 010342 (2024)

• Simplify measurements
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• The fun in quantum software and  
quantum error correction is only starting
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• The fun in quantum software and  
quantum error correction is only starting


